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Preface

This work is the result of almost five years of research on graph partitioning

and related problems in the field of theoretical computer science and graph

theory between 2010 and 2014. After an introductory chapter the reader will

find six chapters, each of which is written as a self-contained journal paper.

The first three of these chapters deal with the complexity of some vertex

partitioning problems. The final three chapters deal with structural properties

of some problems related to matching problems which can be regarded as edge

partitioning problems. These six chapters are based on the six joint papers

that are listed below and have been submitted to journals for publication.

Since the work has been written as a collection of more or less independent

papers, the reader will find a certain amount of repetition of relevant concepts,

definitions and background. The author apologizes for any inconvenience.

Papers underlying this research

[1] On the complexity of edge-colored subgraphs partitioning problems in

network optimization, preprint. (with Z. Zhang and H. J. Broersma)

(Chapter 2)

[2] On the complexity of injective colorings and its generalizations, Theoret-

ical Computer Science 491 (2013), 119-126. (with J. Jin and B. Xu )

(Chapter 3)
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[3] An SDP randomized approximation algorithm for max hypergraph cut

with limited unbalance, preprint. (with B. Xu, X. Yu, and Z. Zhang)

(Chapter 4)

[4] Minimum size of n-factor-critical graphs and k-extendable graphs, Graphs

and Combinatorics 28 (2012), 433-448. (with Z. Zhang, D. Lou, and X.

Wen) (Chapter 5)

[5] Directed Hamilton cycles in digraphs and matching alternating Hamilton

cycles in bipartite graphs, SIAM Journal on Discrete Mathematics 27

(2013), 274-289. (with Z. Zhang and X. Wen) (Chapter 6)

[6] Triangle strings: structures for augmentation of vertex disjoint triangle

sets, Information Processing Letters (2014). In press. (with Z. Zhang)

(Chapter 7)

Some other joint papers by the author:

[1] The minimum all-ones problem for trees, SIAM Journal on Computing

33 (2004), 379-392. (with W.Y.C. Chen, X. Li, and C. Wang)

[2] The edge split reconstruction problem for chemical trees is NP-complete,

MATCH Communications in Mathematical and in Computer Chemistry

51 (2004), 205-210. (with X. Li)

[3] Contractible cliques in k-connected graphs, Graphs and Combinatorics

22 (2006), 361-370. (with X. Huang, Z. Jin, and X. Yu)

[4] Contractible subgraphs in k-connected graphs, Journal of Graph Theory

55 (2007), 121-136. (with Z. Jin and X.Yu)

[5] On the minimum monochromatic or multicolored subgraph partition

problems, Theoretical Computer Science 385 (2007),1-10.(with X. Li)
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[7] Improved bounds on linear coloring of plane graphs, Science China Math-

ematics 53 (2010), 1895-1902. (with D. Wei and B. Xu)

[8] Degree and connectivity conditions for IM-extendibility and vertex-

deletable IM-extendibility, Ars Combinatoria 95 (2010),437-444. (with

Z. Zhang, X. Lu, and J. Li)

[9] Maximal independent sets in bipartite graphs with at least one cycle,

Discrete Mathematics & Theoretical Computer Science 15 (2013), 243-
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Chapter 1

Introduction

As the title of the thesis indicates, the common theme of the chapters is

best described as graph partitioning problems, although the problems that

we will encounter come in a huge diversity, and some of them do not have

much in common. Moreover, the first three chapters after this introductory

chapter deal with algorithmic aspects, while the final three chapters deal with

structural aspects, also reflected in the title.

Graph partitioning problems constitute a large and important class of well-

studied problems in the fields of combinatorial optimization and graph theory.

In general terms, graph partitioning problems are defined on data represented

in the form of a directed or undirected (sometimes weighted) graph (or some-

times hypergraph) G = (V,E), with vertex set V and edge set E, and the

question is whether it is possible to partition V or E into smaller subsets

with specific properties. Well-known and well-studied exponents of graph par-

titioning problems – that have been studied almost since the start of graph

theory and that appear in every text book on graph theory – are vertex and

edge coloring. In these problems the aim is to partition the vertex set (edge

set) of an undirected graph in a small (sometimes minimum) number of sub-

sets such that each subset contains no pair of adjacent vertices (no pair of

edges with a common end vertex). These problems and their variations have

been applied in numerous application areas, e.g., in the disguise of frequency

assignment problems or other assignment problems, and as time-tabling and

1



2 Chapter 1

other scheduling problems. Other important applications of graph partition-

ing include scientific computing, partitioning various stages of a VLSI design

circuit, task scheduling in multi-processor systems and clustering and detec-

tion of cliques in social, pathological and biological networks, to name just a

few [13,118,129].

Distinguishing between the two sets of a graph, the class of graph par-

titioning problems can be divided into two subclasses, i.e., one consisting of

vertex partitioning problems and the other of edge partitioning problems.

For instance, the problem of finding a certain clique partition can be con-

sidered as a vertex partitioning problem in which the vertex set has to be

divided into k subsets that induce vertex-disjoint complete subgraphs. An op-

timum partition is defined as one in which the number k is as small as possible.

Another example of a vertex partitioning problem is the aforementioned graph

vertex coloring problem, which is a special case of graph labeling problems. In

such problems one is aiming at an assignment of labels – traditionally called

“colors” – to the vertices of a graph subject to certain constraints. The dis-

tinct colors used in an assignment then induce a partition of the vertices into

disjoint sets. The max cut problem and the max hypergraph cut problem can

be considered as some other examples of vertex partitioning problems. The

goal in the max cut problem is to find a partition of the vertices of a graph

into two subsets that maximizes the number of edges with end vertices in both

subsets. This problem has a natural analogue in hypergraphs, where an edge

can consist of more than two (adjacent) vertices and is called a hyperedge. In

this setting, a hyperedge is considered not to be cut only in case all of its

vertices are in one class of the partition, and cut exactly once otherwise, no

matter how many vertices are in different classes of the partition.

Many vertex partitioning problems have natural and interesting counter-

parts for edge partitioning, like the aforementioned vertex and edge coloring

problems. Other examples of well-studied edge partitioning problems with

many applications are matching problems. A matching in a graph is a set of

edges in which no pair of edges shares a common end vertex, so each edge of

such a matching matches exactly two unique vertices of the graph. A maximal

matching is a matching that is not a proper subset of any other matching in

the graph. A maximum matching is a (maximal) matching that contains the

largest possible number of edges. A perfect matching (also called a 1-factor)
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is a maximum matching that matches all the vertices of the graph. Matching

problems have been studied in many different variants depending on additional

constraints, weights (costs) on the edges and different optimization criteria.

Graph partitioning problems enjoy many practical applications as well as

algorithmic and theoretical challenges. This motivates the topics of this thesis

that is composed of two parts. One part is focussed on the algorithmic aspects

of some vertex partitioning problems while the other part is focussed on the

structural aspects of some problems related to maximum matching and perfect

matching problems.

The first part of the thesis consists of Chapters 2 to 4. In this part,

we present results on the complexity and inapproximability of some vertex

partitioning problems, and we give approximation algorithms and on-line al-

gorithms for some other vertex partitioning problems. We will start by in-

vestigating the inapproximability and complexity of the problems of finding

the minimum number of monochromatic cliques and rainbow cycles that, re-

spectively, partition V (G), where the graph G avoids some forbidden induced

subgraphs. Secondly, we study the complexity, and develop approximation al-

gorithms and on-line algorithms for injective coloring problems, to be defined

later. Finally, we consider the design of a semidefinite programming based

approximation algorithm for a variant of the max hypergraph cut problem.

The second part of the thesis consists of Chapters 5 to 7. In this part, we

turn our attention to structural properties of some problems that are related

to matching problems.

Firstly, we determine the minimum size of a k-extendable bipartite graph

and that of an n-factor-critical graph, and we study the problem of determin-

ing the minimum size of a k-extendable non-bipartite graph. We solve this

problem for k = 1 and k = 2, and we pose a conjecture related to the problem

for general k. Secondly, we improve two equivalent structural results due to

Woodall and Las Vergnas on the existence of a directed Hamilton cycle in a di-

graph and the containment of every perfect matching in a Hamilton cycle in a

balanced (undirected) bipartite graph, respectively. Finally, we study a gener-

alization of the maximum matching problem called the maximum triangle set

problem, in which the aim is to find the maximum number of vertex-disjoint

triangles of a given graph. We present a necessary and sufficient condition for
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augmenting triangle sets, analogous to the well-known augmenting path result

for matchings.

In the remainder of this introductory chapter, we will present, together

with the relevant terminology and notations, a survey of the main results of

the thesis against a background of related results. We assume that the reader

is familiar with the essentials of combinatorial optimization and graph theory.

Most of the terminology and notations can be found in [25], [36] and [19].

1.1 Algorithmic aspects of some vertex partitioning

problems

In the first part of this section and in Chapter 2, we mainly deal with the

algorithmic aspects of the minimum monochromatic clique partitioning and

the minimum rainbow cycle partitioning problem.

1.1.1 Monochromatic clique and rainbow cycle partitions

In Chapter 2, we study graph problems related to coloring and partitioning

restricted to graphs avoiding certain fixed induced subgraphs. The research

on problems regarding coloring and partitioning has a relatively long history,

and many important and impressive results have been obtained (See, e.g.,

Erdős et al. [41], Gyárfás and Simonyi [67], Gyárfás et al. [66], Alon et al. [6],

Brualdi and Hollingsworth [30], Alon and Gutin [7], Feder et al. [43], Feder and

Motwani [44], Suzuki [130], Akbari and Alipour [3], and Gourvès et al. [60]).

Several variations of such problems, and in particular their computational

complexity, have been well-studied as well. MacGillivray and Yu [110] studied

a general graph partitioning problem including graph coloring, homomorphism

to H, conditional coloring, contractibility to H, and partition into cliques as

special cases, and investigated its complexity. Yegnanarayanan [139] consid-

ered three coloring parameters of a graph G in connection with the computa-

tional complexity, partitions, algebra, projective plane geometry and analysis.

For more general coloring and partitioning problems, the reader could refer to

Garey and Johnson [54], and Kano and Li [86].
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Several papers focus on a class of related problems in which the aim is

to determine the minimum number k such that the vertex set of an edge-

colored graph can be covered by at most k vertex-disjoint monochromatic or

rainbow subgraphs, such as paths, trees, cycles and cliques. Erdős, Gyárfás

and Pyber [41] introduced the notion of the monochromatic cycle partition

number of an r-edge-colored graph G, which is the minimum number k such

that the vertices of G can be covered by k vertex-disjoint monochromatic

cycles. Here monochromatic means that all edges of the subgraph (cycle)

have the same color. They proved that the monochromatic cycle partition

number of an r-edge-colored complete graph is less than cr2 log r for some

constant c. In [66], Gyárfás et al. significantly improved this result for large

n. Jin et al. [82] investigated the computational complexity of the problem

of partitioning complete multipartite 2-edge-colored graphs into the minimum

number of vertex-disjoint monochromatic cycles, paths and trees, respectively.

Rainbow partitioning problems and related problems were studied by Alon et

al. [6], Brualdi and Hollingsworth [30], Alon et al. [8], Suzuki [130], and

Akbari and Alipour [3]. Here rainbow means that all edges of the subgraph

have distinct colors.

More recently, researchers studied problems on graphs avoiding some in-

duced subgraphs (See, e.g., Ota and Sueiro [117], Li et al. [99], and Broersma

et al. [29] for some examples). In particular, many algorithmic problems con-

cerning coloring and forbidden induced subgraphs have been studied lately.

Král et al. [94] gave a complete characterization of all graphs H for which

the problem of coloring H-free graphs is polynomial and for which it is NP-

complete. Here a graph is called H-free if it does not contain a copy of H as

an induced subgraph. They further initiated a study of this problem for pairs

of forbidden subgraphs. Motivated by the Strong Perfect Graph Conjecture,

Hoàng and Le [78] studied problems related to P4-free colorings and showed

that P4-free k-coloring on comparability graphs is NP-hard. Fiala et al. [51]

showed that weakly P3-free 2-coloring (they used the term 2-subcolorability in

their paper) for triangle-free planar graphs is NP-hard. Broersma et al. [28]

considered the problem of coloring a planar graph with the minimum number

of colors such that each color class avoids one or more forbidden subgraphs,

and studied the computational complexity of this problem in detail. Li and
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Zhang [102] showed that both the problems of determining the minimum num-

ber of monochromatic cliques and the minimum number of rainbow cycles that

partition V (G) for K−
4 -free graphs G are NP-complete. Here K−

4 denotes the

graph obtained by deleting one edge from a K4.

Clique and cycle partition problems have important applications in en-

gineering problems as well as in operations research problems such as VLSI

design automation, resource allocation, and periodic scheduling. In Chapter

2, we focus on clique and cycle partition problems on edge-colored graphs.

We abbreviate the problems of partitioning the vertex set of a (not necessar-

ily properly) edge-colored graph into a minimum number of monochromatic

cliques and rainbow cycles to MCLP and RCYP, respectively. We investi-

gate the inapproximability and complexity of MCLP and RCYP on graphs

avoiding certain induced subgraphs, and derive a tight approximation algo-

rithm for the weighted MCLP on monochromatic-K−
4 -free graphs. Before we

present our results, we list some terminology and notations that will be used

in Chapter 2.

Let G = (V,E) be a connected undirected simple graph. If G is assigned a

mapping � : E → N, we say that G is an edge-colored graph. We call �(e) the

color of the edge e ∈ E, and we use �(H) to denote the number of different

colors in the set {�(e)|e ∈ E(H)} for a subgraph H of G. A complete graph

is a graph in which every two distinct vertices are adjacent. We denote by

Km a complete graph on m vertices, and by Cm a cycle on m vertices. A

clique of G is a nonempty subset of V (G) that induces a complete subgraph

of G. A clique CL of G is called a monochromatic clique if all the edges of the

corresponding subgraph of G have the same color. A cycle CY of G is called a

rainbow cycle if �(CY ) = |E(CY )|, i.e., if no two edges of CY have the same

color. Note that a single vertex can be viewed as a degenerate monochromatic

clique or rainbow cycle. We simply call it a vertex-clique or vertex-cycle.

LetK−
4 denote the graph obtained by deleting one edge from aK4. A graph

G is said to beK−
4 -free if it does not contain K−

4 as an induced subgraph. And

a graph G is called monochromatic-K−
4 -free if any monochromatic subgraph

of G does not contain a K−
4 as an induced subgraph. Note that the properties

of being K−
4 -free and monochromatic-K−

4 -free do not imply each other. For

example, a K4 with one edge colored �1 and the others colored �2 is K−
4 -

free, but not monochromatic-K−
4 -free. However, a monochromatic cycle on 4
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vertices with a chord of a different color is monochromatic-K−
4 -free, but not

K−
4 -free. A vertex u is color-adjacent to a vertex v of a monochromatic clique

CL if the edge (u, v) has the same color as the edges of CL. A clique CL of G is

called a maximal monochromatic clique if there is no vertex u ∈ V (G)\V (CL)

color-adjacent to each vertex of CL.

We show that the minimum monochromatic clique partition problem is

APX-hard on K−
4 -free graphs and monochromatic-K−

4 -free graphs, and APX-

complete on monochromatic-K−
4 -free graphs in which the size of a maximum

monochromatic clique is bounded by a constant. We also show that the

minimum rainbow cycle partition problem is NP-complete, even if the input

graph G is triangle-free. Moreover, for the weighted version of the minimum

monochromatic clique partition problem on monochromatic-K−
4 -free graphs,

we derive an approximation algorithm with (tight) approximation guarantee

ln |V (G)| + 1.

In the second part of this section and in Chapter 3, we study the algorith-

mic aspects of the injective coloring problem and some variations.

1.1.2 Injective coloring problems

An injective k-coloring of a graph G is a (partition) mapping c : V (G) →
{1, . . . , k} such that c(u) �= c(v) for any two distinct vertices u and v in V (G)

that have a common neighbor. The injective chromatic number of a graph

G, denoted by χi(G), is the smallest k such that G admits an injective k-

coloring. This concept originates from complexity theory on Random Access

Machines, and can be applied in the theory of error-correcting codes. In [68],

Hahn et al. introduced these concepts, and they proved that Δ(G) ≤ χi(G) ≤
Δ(G)(Δ(G) − 1) + 1 (where Δ(G) denotes the maximum degree of G). They

also characterized the extremal graphs. It is an NP-hard problem to determine

the injective chromatic number of a given input graph [68], and it remains NP-

hard if the instances are restricted to the class of chordal graphs [77].

Some difficult combinatorial problems that are NP-hard in general ad-

mit polynomial time solutions when restricted to instances that avoid certain

fixed forbidden subgraphs (see [101] and [103] for examples). In [77], Hell et

al. showed that the injective chromatic number of a tree can be computed
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efficiently. However, we show in Chapter 3 that it remains NP-hard to de-

termine the injective chromatic number when the instances are restricted to

bipartite graphs with some special properties. Furthermore, we show that for

every ε > 0, it is impossible to efficiently approximate the injective chromatic

number of any bipartite graph within a factor of n
1
3
−ε unless ZPP = NP .

We also studied a variation on the injective coloring problem that was

motivated by the following weighted analogue of vertex coloring. Let G be a

graph with a weight function ω : V (G) → N. The max-coloring problem seeks

to find a partition of the vertices of G into independent sets that minimizes the

sum of the weights of the heaviest vertices in each independent set, involving

one vertex of each set in the summation. Pemmaraju, Raman and Varadarajan

[119] showed that the max-coloring problem is NP-hard even when restricted to

interval graphs, and they devised a simple 2-approximation algorithm for max-

coloring on interval graphs. Guan and Zhu [62] showed that the max-coloring

problem can be solved in polynomial time on graphs of bounded path-width.

Motivated by the allocating buffer application and digital signal processing

applications, Govindarajan and Rengarajan [61] experimentally evaluated a

first-fit strategy which produces a solution of the max-coloring problem on

circular-arc graphs, with weight no more than 102.1% of the optimal weight.

In Chapter 3 we also study the max-injective coloring problem, which can be

viewed as a combination of max-coloring and injective coloring. Given a graph

G with a weight function ω : V (G) → N, the max-injective coloring problem is

aimed at finding an injective vertex coloring with color classes C1, C2, . . . , Ck

of G that minimizes
∑k

i=1 maxv∈Ci
ω(v). When ω(v) = 1 for all v ∈ V (G),

min
∑k

i=1 maxv∈Ci
ω(v) is simply χi(G). We prove that there is a constant

approximation algorithm for solving the max-injective coloring problem on

power chordal graphs (graphs of which all powers are chordal) with bounded

injective chromatic number, and we devise a constant approximation algorithm

for max-injective coloring restricted to some subclass of bipartite graphs.

Motivated by the vast existing literature on the on-line versions of col-

oring problems, we also study the on-line version of injective coloring. The

injective coloring problem gets more complicated in the on-line situation. In

this case, vertices of a graph are presented one at a time, and the algorithm

has to assign a color irrevocably to a vertex as it comes in. The procedure

depends only on the knowledge of the subgraph that has been revealed so
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far. To be precise, an on-line injective coloring algorithm for a graph G is

an algorithm that injectively colors G by receiving its vertices in some order

v1, v2, ..., vn, where the color of vi is assigned depending only on the subgraph

of G induced by {v1, v2, ..., vi} and the colors assigned to these vertices. As

usual, turning to the on-line variant makes the problem more complicated.

Actually, in Chapter 3 we show that the worst-case performance ratio be-

tween on-line and off-line injective coloring of a path on 2n vertices is at least
n
2 . Gyárfás and Lehel [65] introduced the concept of on-line coloring while

translating a rectangle packing problem in dynamical storage allocation into a

coloring problem. Since then, on-line coloring of graphs has been investigated

extensively. The optimal competitive ratio of on-line coloring is only slightly

sublinear in general [109]. However, a constant competitive ratio is possible

on interval graphs [65,92], and a logarithmic ratio can be achieved on bipartite

graphs and sparse graphs [79]. Broersma, Capponi and Paulusma [27] proved

that there exists an on-line competitive algorithm for the class of P6-free bi-

partite graphs and P7-free bipartite graphs, where the number of colors used is

bounded by roughly twice and roughly eight times the on-line chromatic num-

ber, respectively. In contrast, there exists no competitive on-line algorithm to

color P6-free bipartite graphs, i.e., for which the number of colors is bounded

by any function depending only on the chromatic number [65].

In Chapter 3, we prove that the on-line algorithm known as First Fit

(FF for short) [65] optimally injectively colors P3-free graphs. We also show

that the number of colors used by FF∗ on a bipartite graph G is bounded

by 3
2 times its on-line injective chromatic number, where FF∗ is an on-line

algorithm equivalent to proper coloring the complement of G by FF. Moreover,

we present an improved algorithm BFF, and prove that it is optimal for on-line

injectively coloring bipartite graphs.

At the end of this section and in Chapter 4, we consider the design of

a semidefinite programming (SDP) based approximation algorithm for the

problem of max hypergraph cut with limited unbalance (MHC-LU).

1.1.3 Max hypergraph cut with limited unbalance

A hypergraph is an ordered pair H = (V,E) in which V := {1, 2, · · ·,m} is

a finite nonempty set and E := {S1, S2, · · ·, Sn} is a collection of distinct
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nonempty subsets of V . V and E are the sets of vertices and edges of H,

respectively. A weighted hypergraph is a hypergraph together with a nonneg-

ative real function ω : E → R
+. For convenience, we write ωj := ω(Sj). Given

a partition V = V1 ∪ V2, the edge Sj is said to be a cut edge with respect to

this partition if Sj ∩Vi �= ∅ for i = 1, 2. The max hypergraph cut with limited

unbalance problem (MHC-LU) asks for a partition V = V1 ∪ V2 such that

||V2| − |V1|| ≤ u for some given u ≥ 0 and the total weight of the cut edges is

maximized. Note that MHC-LU with u = 0 is also known as max hypergraph

bisection, and MHC-LU with u = m is also studied under the names max set

splitting and max hypergraph cut.

Hypergraph partitioning problems arise naturally in important practical

problems, including circuit design and network planning, etc. [76, 87, 128].

For most of the applications, the constraints on unbalancedness make sense.

For example, from the point of view of the circuit designer, the suitability

of a partition of a circuit is not hugely affected if one relaxes the bisection

constraint to limited unbalance (with a small u) in order to get better results

in terms of approximating the optimum weight of the cut [53]. Since the

partitioning of hypergraphs is critical in several practical application areas,

many heuristic algorithms were developed [35,106]. In Chapter 4, we present

a polynomial time SDP randomized approximation algorithm for MHC-LU

with guaranteed performance ratio.

When the hypergraph is 2-uniform (a standard graph), MHC-LU is known

as the maximum cut with limited unbalance problem (MC-LU). Galbiati and

Maffioli [53] developed polynomial time randomized approximation algorithms

with nontrivial performance guarantees for MC-LU.

The well-known max cut problem is equivalent to MHC-LU with u = m

and |Sj| = 2 for all j. Goemans and Williamson [57], in a major break-

through, used semidefinite programming relaxation and hyperplane rounding

to obtain an approximation algorithm for the Max Cut problem with expected

performance guarantee 0.87856. This well-known algorithmic paradigm, with

more sophisticated techniques, has been applied to many previously studied

problems [49,50,52,53,70,71,138,143].

When u = 0 and |Sj| = 2 for all j, MHC-LU is known as the max bi-

section problem. Frieze and Jerrum [52], and Andersson [12] presented a
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0.65-approximation algorithm for the Max Bisection problem, and Ye [138]

obtained a 0.699-approximation algorithm for this problem. Halperin and

Zwick [70] improved the performance ratio for the Max Bisection problem to

0.701, which was further improved by Feige and Langberg [50] to 0.7028 using

the RPR2 rounding technique. For the case of regular graphs, Feige et al. im-

proved the approximation ratio to 0.795 (0.834 for 3-regular graphs) [46, 47].

Recently, Raghavendra and Tan [127] significantly improved all the above re-

sults to 0.85 by using the Lasserre Hierarchy. This algorithm was further

improved by Austrin et al. [15] to 0.8776 by also using a relaxation based on

the Lasserre Hierarchy.

When u = 1, MHC-LU asks for balanced bipartitions, i.e. partitions V =

V1 ∪ V2 such that ||V1| − |V2|| ≤ 1. Bollobás and Scott [23] conjectured that if

G is a graph with minimum degree at least 2, then V (G) admits a balanced

bipartition V1, V2 such that for each i ∈ {1, 2} at most |E(G)|/3 edges have

both ends in Vi. The minimum degree condition is necessary. Bollobás and

Scott [24] established this conjecture for regular graphs. Xu, Yan and Yu [135,

136] proved this conjecture for graphs G with Δ(G) ≤ 7
5δ(G) or with δ(G) ≥ 5,

where Δ(G) and δ(G) are maximum and minimum degrees of G, respectively.

Lee, Loh and Sudakov [98] proved a nice asymptotic result stating that every

graph with m edges and minimum degree 2k or 2k + 1 admits a balanced

bipartition V1, V2 such that max{e(V1), e(V2)} ≤ ( k+1
2(2k+1) + o(1))m (when k =

1, its main term is m
3 ). The conjecture has been confirmed recently by Xu and

Yu [137]. They proved that every graph G with m edges and minimum degree

at least 2 admits a balanced bipartition V1, V2 with max{e(V1), e(V2)} < m/3

unless G is a triangle.

For u = m, MHC-LU becomes the so-called max set splitting problem.

Andersson and Engebretsen [11] presented a 0.72-approximation algorithm for

this problem, and the approximation ratio was improved to 0.7499 by Zhang,

Ye and Han [143]. Gaur and Krishnamurti [55] gave a k/(k+1)-approximation

algorithm for the problem, where k ≥ 3 is the minimum number of vertices

in a hyperedge. Arora, Karger and Karpinski [14] designed a PTAS for dense

instances of this problem. When restricted to k-uniform hypergraphs the

Max Set Splitting problem is known as the max Ek-set splitting problem.

For any fixed k ≥ 2, Lovász [108] and Petrank [120] have shown that the

max Ek-set splitting problem is NP-hard and APX-complete, respectively.
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When k = 2, the max Ek-set splitting problem is equivalent to the max cut

problem. When k = 3, the performance guarantee has been improved by Zwick

to 0.90871 [148]. More precisely, Zwick obtained a 0.90871-approximation

algorithm for MAX NAE-{3}-SAT [147,148], which is the restriction of MAX

NAE SAT to instances in which all clauses are of size at most 3, where MAX

NAE SAT is a variant of the well known MAX SAT. The objective of MAX

NAE SAT is to maximize the clauses which contain both true and false literals.

Obviously, max E3-set splitting is a special case of MAX NAE-{3}-SAT in

which all literals appear unnegated, and thus max E3-set splitting can also

be approximated with the 0.90871 performance guarantee. When k ≥ 4,

Alimonti [4] and Kann, Lagergren and Panconesi [85] showed that the max

Ek-set splitting problem can be approximated within 1 − 21−k, which is best

possible [64,75].

Ageev and Sviridenko [1, 2] considered MHC-LU for u = m− 2k with the

strict condition that ||V2| − |V1|| = u (hence |Vi| = k and |V3−i| = m − k for

some i ∈ {1, 2}), and they gave a 0.5-approximation algorithm based on linear

programming. For graphs, Hassin and Rubinstein [74] presented a different

0.5-approximation with a better running time. Feige and Langberg [49] com-

bined the method in [1] with the semidefinite programming approach to design

a (0.5 + ε)-approximation algorithm, where ε is some unspecified small posi-

tive number. Han et al. [71] and Jäger and Srivastav [81] applied semidefinite

programming to obtain better approximation factors than previously known.

In Chapter 4, we apply semidefinite programming to the more general

MHC-LU, building on several earlier ideas of Galbiati and Maffioli [53] (for

MC-LU), Ye [138] (for Max Bisection), Andersson and Engebretsen [11] and

Zhang et al. [143] (for Max Set Splitting). By solving the semidefinite pro-

gramming relaxation of MHC-LU, we obtain an (almost) optimal vector solu-

tion (v∗0 , v
∗
1 , · · ·, v∗m). In previous work, these vectors are usually rounded by

applying an important technique named outward rotations [148], which com-

bines the classical hyperplane rounding method [57] with independent random

choice to partition the coordinates into two parts. Motivated by Halperin and

Zwick [70] (for maximum graph bisection problems), we also apply the idea of

outward rotations to a linear randomized rounding method [70]. This way we

obtain better performance ratios for MHC-LU when the minimum number of

vertices in a hyperedge is 3. Moreover, we present a generalized formula for
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the performance ratio for MHC-LU using some additional parameters. How-

ever, it remains open to find a best set of the parameters that optimizes the

generalized formula. In practice, the final ratios need to be obtained via a

computer search over the parameter space. For fast computations and easy

verifications of computational results, we may assign simple values to some of

the parameters and simply perform 1-dimensional searches on the remaining

parameters. This turns out to be sufficient to improve the following numerical

results, where τ = u/m is known as the unbalance parameter:

• For τ = 0, we obtain approximation ratio 0.6271, improving the 0.5-

approximation ratio of Ageev and Sviridenko [2] for Max Hypergraph

Bisection which was based on linear programming (see Table 1 for τ = 0).

The improvement is a consequence of our strengthened SDP relaxation

based approximation algorithm.

• For τ = 1, i.e., the version of the Max Set Splitting problem, our

strengthened SDP relaxation and the generalized formula for the perfor-

mance ratio gives approximation ratio 0.7524 which improves the ratio

0.7499 in [143] (see Table 1 for τ = 1).

We show the lower bounds on the approximation ratios for MHC-LU,

for the range 0 < τ < 1, in Table 1. The corresponding approximation

values obtained previously are shown in the last row of Table 1. Note

that “none” in the last row of Table 1, indicates no known previous

results (as far as we know).

• We obtain approximation ratio 0.7741 for MHC-LU when the minimum

number of vertices in a hyperedge is 3, which improves the result 0.75 in

Gaur and Krishnamurti [55] (see Table 2 for τ = 1). This improvement

is also due to the strengthened SDP relaxation and an improved round-

ing method by combining the outward rotations of random hyperplane

rounding procedure with that of linear randomized rounding procedure.

The lower bounds on the approximation ratios for MHC-LU when the

minimum number of vertices in a hyperedge is 3 are shown in Table 2,

for the range 0 ≤ τ ≤ 1.

• We show that one can further improve the performance ratios like those

in [53] for Max Cut with Limited Unbalance when 0.5 < τ < 1, using
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a new formula for the performance ratio by a tighter analysis than that

in [53]. In Table 3, we show the lower bounds on the approximation

ratios for Max Cut with Limited Unbalance, for the same values of τ

as in [53] when 0.5 < τ < 1. The corresponding approximation ratios

in [53] are shown in the last row of Table 3.

At the end of Section 6, we present the first worst-case performance ratio

0.6271 of the SDP-algorithm for approximating MHC-LU regardless of the

value of τ .

Table 1.1: New results R for MHC-LU compared with previous results R′ for
some τ

τ 0 0.25 0.5 0.75 0.9 0.999 1

R 0.6271 0.7105 0.7130 0.7194 0.7353 0.7522 0.7524

R′ 0.5 none none none none none 0.7499

Table 1.2: New results R for MHC-LU compared with previous results R′ for
some τ when the minimum number of vertices in a hyperedge is 3

τ 0 0.25 0.5 0.75 0.9 0.999 1

R 0.7042 0.7459 0.7495 0.7564 0.7656 0.7740 0.7741

R′ none none none none none none 0.75

Table 1.3: New results R for MC-LU compared with previous results R′

in [53] for some 0.5 < τ < 1

τ 0.6 0.7 0.8 0.85 0.9 0.95 0.9999

R 0.7987 0.8052 0.8191 0.8291 0.8417 0.8584 0.8785

R′ 0.795 0.793 0.790 0.8126 0.834 0.856 0.878
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1.2 Structural aspects of some edge partitioning and

related problems

In the second part of the thesis, we turn our attention to structural aspects

of selected edge partitioning problems. In the first section of this part and in

Chapter 5, we determine the minimum sizes of a k-extendable bipartite graph,

an n-factor-critical graph and a k-extendable non-bipartite graph.

1.2.1 Minimum size of n-factor-critical and k-extendable graphs

All graphs considered in this section are finite, connected and simple. Let G

be a graph with vertex set V (G) and edge set E(G). The number of vertices

in G is denoted by ν(G) or ν. The number of edges in G is called its size. The

connectivity, the edge connectivity, the independence number, the minimum

degree and the maximum degree of G are denoted by κ(G), κ′(G), α(G), δ(G)

and Δ(G), respectively. The neighborhood of a vertex v in G is denoted by

NG(v) or N(v). For other terminologies not defined here, the reader is referred

to [25].

A connected graph G is said to be k-extendable, if it contains a matching

of size k and every matching in G of size k is contained in a perfect matching

of G, where k is an integer such that 0 ≤ k ≤ (ν(G) − 2)/2. The concept of

k-extendable graphs was introduced by Plummer [122]. A graph G is said to

be n-factor-critical, or n-critical, if G − S has a perfect matching for every

S ⊆ V (G) with |S| = n, where 0 ≤ n ≤ ν(G)−2. When n = 1 or 2, we say that

G is factor-critical or bicritical. The concept of n-factor-critical graphs was

introduced by Yu [140] and Favaron [42], independently. Extensive researches

have been done on these two classes of graphs. The reader may trace the

important developments on this field by referring to the surveys [124], [125]

and [126] by Plummer, as well as Chapter 6 and Chapter 7 of the book [141] by

Yu and Liu. Furthermore, a good description of the application of extendibility

and factor-criticality in job assignment can be found in [104].

In [72], Harary defined Harary graphs Hm,ν , which arem-connected graphs

on ν vertices with �mν/2 edges, for 2 ≤ m < ν. By considering Harary graphs

and related graphs, we obtain the following results.
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Theorem 1.2.1. Let r ≥ 2 and ν > 2r be two integers. Then H2r,ν is
(2r − 1)-factor-critical if ν is odd and (2r − 2)-factor-critical if ν is even.

Theorem 1.2.2. Let r ≥ 2 and ν > 2r + 1 be two integers. Then H2r+1,ν is
2r-factor-critical if ν is even and (2r − 1)-factor-critical if ν is odd.

Theorem 1.2.3. Let s ≥ 2 be an integer. Then H2,2s−1 and H3,2s+1 are
factor-critical. H2,2s is 1-extendable. H3,2s is bicritical if s is even, and 2-
extendable is s is odd.

Let k ≥ 1 be an integer, and denote by ε(ν, k) the minimum size of a

k-extendable non-bipartite graph G on ν ≥ 2k+2 vertices. We then have the

following results.

Theorem 1.2.4. For an even number ν ≥ 4, ε(ν, 1) = ν + 2.

Theorem 1.2.5. For an even integer ν ≥ 6,

ε(ν, 2) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
15, if ν = 6,
16, if ν = 8,
19, if ν = 10,
20, if ν = 12,
3ν/2, if ν ≥ 14.

In the next section and in Chapter 6, we consider the problems of matching

alternating Hamilton cycles in bipartite graphs and directed Hamilton cycles

in digraphs.

1.2.2 Matching alternating Hamilton cycles and directed Hamil-

ton cycles

Hamiltonian problems, and their many variations, have been studied exten-

sively for more than half a century. The readers could refer to the surveys of

Gould [58,59], Kawarabayashi [89] and Broersma [26] to trace the development

in this field. Recently, approximate solutions to many traditional hamiltonian

problems and conjectures in digraphs came forth [34, 90, 91, 93], which are

surveyed by Kühn and Osthus [95].

Hamiltonicity and related properties are also important in practical ap-

plications. For example, in network design the existence of Hamilton cycles
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in the underlying topology of an interconnection network provides advantages

for routing algorithms to make use of a ring structure, while the existence of a

hamiltonian decomposition allows the load to be equally distributed, making

the network more robust [22].

There are lots of degree and degree sum conditions known for guaranteeing

hamiltonicity. In most cases, the lower bounds in such conditions are best

possible. However, we could still consider reducing the bounds and trying to

identify all exceptional graphs, that is, the extremal graphs for the conditions.

This approach often leads to the discovery of interesting topological structures.

In this thesis, we apply this idea to Woodall’s condition for the existence of

directed Hamilton cycles in digraphs.

In Chapter 6 we consider finite, simple and connected graphs, and finite

and simple digraphs. Let D be a digraph with vertex set V (D) and arc set

A(D), and let u and v be distinct vertices of D. We denote by |D| the order

of V (D), and by d+(u) and d−(u) the out-degree and in-degree of u, respec-

tively. The degree of u is the sum of its out-degree and in-degree. The mini-

mum out-degree and in-degree of the vertices in D is denoted by δ+(D) and

δ−(D), respectively. We let δ0(D) = min{δ+(D), δ−(D)}. If (u, v) ∈ A(D)

or (v, u) ∈ A(D), we say that u and v are adjacent. A transitive tournament

is an orientation of a complete graph for which the vertices can be numbered

in such a way that (i, j) is an arc if and only if i < j.

Below are three directed analogues of two early theorems due to Dirac [40]

and Ore [116] for the existence of Hamilton cycles in undirected graph.

Theorem 1.2.6. (Ghouila-Houri [56]) Let D be a strong digraph. If the
degree of every vertex of D is at least |D|, then D has a directed Hamilton
cycle.

Theorem 1.2.7. (Corollary 5.6.3 [19]) If D is a digraph with δ0(D) ≥ |D|/2,
then D has a directed Hamilton cycle.

Theorem 1.2.8. (Woodall [134]) Let D be a digraph. If for every vertex pair
u and v, where there is no arc from u to v, we have d+(u)+ d−(v) ≥ |D|, then
D has a directed Hamilton cycle.

It is not hard to verify that the bounds in above theorems are tight. Nash-

Williams [114] raised the problem of describing all the extremal digraphs in
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Theorem 1.2.6, that is, all digraphs with minimum degree at least |D|−1, that

do not have a directed Hamilton cycle. As a partial solution to this problem,

Thomassen proved a structural theorem on the extremal graphs.

Theorem 1.2.9. (Thomassen [131]) Let D be a strong non-hamiltonian di-
graph, with minimum degree |D| − 1. Let C be a longest directed cycle in D.
Then any two vertices of D−C are adjacent, every vertex of D−C has degree
|D|− 1 (in D), and every component of D−C is complete. Furthermore, if D
is strongly 2-connected, then C can be chosen such that D−C is a transitive
tournament.

Darbinyan characterized the digraphs of even order that are extremal for

both Theorem 1.2.6 and Theorem 1.2.7.

Theorem 1.2.10. (Darbinyan [38]) Let D be a digraph of even order such
that the degree of every vertex of D is at least |D| − 1 and δ0(D) ≥ |D|/2− 1.
Then either D is hamiltonian or D belongs to a non-empty finite family of
non-hamiltonian digraphs.

We study the extremal graphs of Theorem 1.2.8 in Chapter 6. In contrast

to Theorem 1.2.9 and Theorem 1.2.10, we can completely determine all the

extremal graphs.

For other results on degree sum conditions for the existence of Hamilton

cycles in digraphs see [16], [17], [18], [38], [39], [111], [113], [145], [146], and a

good summary in Chapter 5 of [19].

Another interesting aspect of directed Hamilton cycle problems is their

connection with the problem of matching alternating Hamilton cycles in bi-

partite graphs. Given a bipartite graph G with a perfect matching M , if we

orient the edges of G towards the same part, then contracting all edges in

M , we get a digraph D. An M -alternating Hamilton cycle of G corresponds

to a directed Hamilton cycle of D, and vice versa. Hence, Theorem 1.2.8 is

equivalent to the following theorem.

Theorem 1.2.11. (Las Vergnas [97]) Let G = (B,W ) be a balanced bipartite
graph of order ν. If for any b ∈ B and w ∈ W , where b and w are nonadjacent,
we have d(w)+ d(b) ≥ ν/2+2, then for every perfect matching M of G, there
is an M -alternating Hamilton cycle.
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Hence, we also determine the extremal graphs for the result of Las Vergnas

in Chapter 6 of this thesis.

Theorem 1.2.11 is an instance of the problem of cycles containing match-

ings, which studies the conditions that enforce certain matchings to be con-

tained in certain cycles. Some related works can be found in [9], [10], [21],

[69], [80], [88], [121] and [133]. In particular, Berman proved the following.

Theorem 1.2.12. (Berman [21]) Let G be a graph on ν ≥ 3 vertices. If for
any pair of independent vertices x, y ∈ V (G), we have d(x) + d(y) ≥ ν + 1,
then every matching lies in a cycle.

Similarly to the above-mentioned works, Jackson and Wormald determined

all the extremal graphs of a generalized version of Berman’s result.

Theorem 1.2.13. (Jackson and Wormald [80]) Let G be a graph on ν vertices
and M be a matching of G such that (1) d(x) + d(y) ≥ ν for all pairs of
independent vertices x, y that are incident with M . Then M is contained in a
cycle of G unless equality holds in (1) and several exceptional cases happen.

Motivated by the above results, in Chapter 6 we reduce both the lower

bounds presented in Theorem 1.2.8 and Theorem 1.2.11 by 1, and prove that

the conclusions still hold, with only a few exceptional cases that can be clearly

characterized.

Finally, in the concluding section and in Chapter 7 we consider the struc-

tures for augmentation of vertex-disjoint triangle sets.

1.2.3 Structures for augmentation of vertex-disjoint triangle

sets

We consider undirected, simple graphs in this section. Let G be a graph. A

set T of vertex-disjoint triangles in G is called a vertex-disjoint triangle set

of G, or a triangle set for short. The number of triangles in T , denoted by

|T |, is called its size. A triangle set of G with the maximum size is called a

maximum triangle set of G. We say that a vertex u is covered by a triangle

set T , if u is a vertex of a triangle in T . If T covers all vertices of G, we say

that T is a perfect triangle set , or a triangle factor of G.
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The study on triangle sets and triangle factors has a long history. Impor-

tant results include sufficient conditions for the existence of triangle factors

in graphs, and bounds on the size of the maximum triangle sets in graphs.

For example, the following fundamental result is a special case of a theorem

in [37].

Theorem 1.2.14. (Corrádi and Hajnal, [37]) If G is a graph with 3k vertices
and minimum degree at least 2k, then G contains a triangle factor.

In balanced tripartite graphs the minimum degree bound can be reduced.

Theorem 1.2.15. (Johansson [83]) Let G be a tripartite graph with 3k ver-
tices, k in each class, such that each vertex is adjacent to at least 2

3k +
√
k of

the vertices in each of the other two classes. Then G has a triangle factor.

Another example is a result on the size of triangle sets in claw-free graphs.

Theorem 1.2.16. (Wang [132]) For any integer k ≥ 2, if G is a claw-free
graph of order at least 6(k − 1) and with minimum degree at least 3, then G
contains a triangle set of size k unless G is of order 6(k− 1) and G belongs to
a known class of graphs.

The problem of determining a maximum triangle set in a given graph,

usually called the vertex-disjoint triangles problem, or VDT for short, catches

much attention. The VDT problem has many variants such as computing

maximum triangle sets in edge-weighted graphs [73], in degree-bounded graphs

[31,32,84], or in some special classes of graphs [63].

While trying to compute a triangle set in a graph G, we can clearly ignore

the edges that are not contained in any triangle without affecting the results.

Therefore, henceforth we assume that all edges of the graph G we consider are

contained in some triangle. Under this assumption, the VDT problem on tri-

partite graphs is equivalent to the following 3-dimensional matching problem.

Given three finite and disjoint sets W , X and Y , and a subset T of W×X×Y ,

a 3-dimensional matching M is a subset of T such that every element of W ,

X and Y appears in the triples in M at most once. The 3-dimensional match-

ing problem (3DM) asks for a maximum 3-dimensional matching of T , and

is a well-known NP-hard problem [54]. In [84], Kann further showed that

even if the appearance of every element in T is bounded by a constant B,
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where B ≥ 3, the 3DM problem is MAX SNP-complete. In [32], Chleb́ık

and Chleb́ıková proved that even in case B = 2, it is NP-hard to achieve an

approximation factor of 95
94 for the 3DM problem.

Triangle sets can be viewed as a generalization of matchings in graphs. For

matching problems, Berge’s famous characterization states that a matching M

in a graph G is maximum if and only if G has no M -augmenting path [20].

However, for triangle sets in graphs, we do not know of any analogous aug-

menting structure result. In Chapter 7, we describe a class of structures called

triangle strings, which corresponds to the union of the graphs of two triangle

sets. Based on the concept of triangle strings, we give a sufficient and neces-

sary condition under which a triangle set T of a graph G can be augmented.

We describe an algorithm for deciding whether a given graph G with degree

bound 4 is a triangle string; moreover, if G is a triangle string, the algorithm

finds a maximum triangle set of G. Finally we give a sufficient and necessary

condition under which a triangle string has a triangle factor.
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Minimum monochromatic

clique partition and rainbow

cycle partition

Given a (not necessarily properly) edge-colored graph G = (V,E), a subgraph

H is said to be monochromatic if all its edges have the same color, and called

rainbow if all its edges have distinct colors. We investigate the computational

complexity of the problems of determining the minimum number of monochro-

matic cliques (MCLP) and rainbow cycles (RCYP) that, respectively, partition

V (G). We show that the minimum monochromatic clique partition problem

is APX-hard on K−
4 -free graphs and on monochromatic-K−

4 -free graphs, and

APX-complete on monochromatic-K−
4 -free graphs in which the size of a max-

imum monochromatic clique is bounded by a constant. We also show that the

minimum rainbow cycle partition problem is NP-complete, even if the input

graph G is triangle-free. Moreover, for the weighted version of the minimum

monochromatic clique partition problem on monochromatic-K−
4 -free graphs,

we derive an polynomial approximation algorithm with (tight) approximation

guarantee ln |V (G)| + 1.

23
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2.1 Inapproximability of MCLP on monochromatic-

K−
4 -free graphs

Li and Zhang [102] have proved that MCLP is NP-complete, even when the

input is restricted to K−
4 -free graphs. They also presented a polynomial al-

gorithm to find an approximate solution for MCLP in K−
4 -free graphs with

performance ratio lnm+1, where m is the size of a maximum monochromatic

clique in the input graph. Actually, the algorithm works for monochromatic-

K−
4 -free graphs instead of K−

4 -free graphs.

Hence, if the input graph for MCLP is monochromatic-K−
4 -free with the

size of a maximum monochromatic clique bounded by a constant, we have an

approximation algorithm with constant performance ratio.

We further investigate the inapproximability of MCLP. Alimonti and Kann [5]

have shown that the Vertex Cover problem restricted to 3-regular connected

graphs is APX-complete. This implies that there is some small ε > 0 such

that the existence of a polynomial time approximation algorithm for finding a

minimum cardinality vertex cover in a connected 3-regular graph with perfor-

mance guarantee 1+ ε would imply P = NP . We now give an approximation

preserving L-reduction from the Vertex Cover problem in 3-regular connected

graphs to MCLP and draw the following conclusions.

Theorem 2.1.1. MCLP is

(1) APX-hard on monochromatic-K−
4 -free graphs, and

(2) APX-complete on monochromatic-K−
4 -free graphs with the size of a max-

imum monochromatic clique bounded by a constant.

Proof. Consider an arbitrary instance of the Vertex Cover problem in 3-regular
connected graphs. So let G = (V,E) be a 3-regular connected graph with
|V | = 2n and |E| = 3n for some n ∈ Z

+. A corresponding MCLP instance on
an edge-colored graph H = (VH , EH) is constructed from G in the following
way. H is obtained from G by replacing every edge (u, v) ∈ E by a gadget
g(u, v) consisting of the vertices u and v as well as two new vertices e1u,v and
e2u,v, and the edges (u, e1u,v), (u, e

2
u,v), (v, e

1
u,v) and (v, e2u,v). Furthermore, for

a vertex u with neighbors v, w and x, the vertices e1u,v, e
1
u,w and e1u,x are made

mutually adjacent in H. For every vertex u ∈ V , we define a color �(u), and
for every edge (u, v) ∈ E, we define two colors �(u, eu,v) and �(v, eu,v), where
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all the colors we define are different. For an edge (u, v) ∈ E, the corresponding
edges in H are colored as follows. The edge (u, e1u,v) is assigned color �(u) and
the edge (v, e1u,v) is assigned color �(v). The edge (u, e2u,v) is assigned color
�(u, eu,v) and the edge (v, e2u,v) is assigned color �(v, eu,v). For a vertex u with
neighbors v, w and x in G, the edges (e1u,v, e

1
u,w), (e

1
u,w, e

1
u,x) and (e1u,x, e

1
u,v)

in H are all assigned color �(u). This completes the construction and edge-
coloring of the graph H. It is easy to observe that a largest monochromatic
clique in H corresponds to a K4, and that H is monochromatic-K−

4 -free, with
maximum degree 6. Note that the degree of the vertices u, v, and e1v,u is
exactly 6 for every gadget g(u, v).

Let V ∗
c be a minimum vertex cover of G, and let P ∗ be a minimum

monochromatic clique partition of H. Since every vertex in G is incident
with exactly three edges, V ∗

c has at least |E|/3 = n vertices. There are
|V |+2|E| = 8n vertices in H, so H can be partitioned into 8n vertex-cliques.
Hence, |P ∗| ≤ 8n ≤ 8|V ∗

c |.
Suppose P is an arbitrary monochromatic clique partition of H. We claim

that P can always be turned into a new monochromatic clique partition P ′

such that |P ′| ≤ |P | and for every edge (u, v) of G, e1u,v ∈ K(u) or e1u,v ∈ K(v)
holds and there is no vertex-clique u or v in P ′. Here K(v) denotes a vertex-
clique v or a (nontrivial) monochromatic clique containing v. We now prove
this claim below.

First suppose that K(e1u,v) is a vertex-clique in P , or is a monochromatic
clique with color �(u) that does not contain u. We can execute one of the fol-
lowing operations on P to merge K(e1u,v) into K(u) or u into K(e1u,v), without
increasing the cardinality of P . If u forms a vertex-clique or is contained in
a monochromatic clique with color �(u), then K(e1u,v) can be combined with
K(u) to obtain a larger monochromatic clique with color �(u). If u is con-
tained in a monochromatic clique with a color different from �(u), then u can
be taken away from K(u) and combined with K(e1u,v) to form a new clique
with color �(u).

Therefore, we may assume that e1u,v ∈ K(u) or K(v) for all edges (u, v)
in G. If there exists a vertex-clique v in a gadget g(u, v) after executing the
above operations, then e1u,v ∈ K(u), and e2u,v forms a vertex-clique. Hence,
v can be combined with e2u,v to form a new monochromatic clique with color
�(v, eu,v), and the cardinality of the partition is decreased.

After applying the above operations we have obtained a new partition P ′,
with |P ′| ≤ |P |, satisfying the conditions claimed.
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Let g(u, v) be a gadget in H. Without loss of generality we may assume
that e1u,v ∈ K(u) with color �(u) in P ′. Then e2u,v forms either a vertex-clique,
or a clique with v of color �(v, e2u,v).

Let be given a set Vc which is composed of all the vertices u ∈ V such that
for some edge (u, v) ∈ E, e1u,v ∈ K(u) in P ′. Since for every edge (u, v) ∈ E,
e1u,v ∈ K(u) or e1u,v ∈ K(v) in P ′, at least one of u and v is in Vc. Hence Vc is
a vertex cover of G.

For every edge (u, v) ∈ E, e2u,v forms either a vertex-clique or a monochro-
matic clique together with v or u in P ′. There are totally |E| such cliques.
Each of the other cliques in P ′ contains exactly one vertex u ∈ V and at least
one vertex e1u,v for some neighbor v of u in G, and hence corresponds to a
vertex u ∈ Vc. Consequently,

|Vc| = |P ′| − |E| = |P ′| − 3n ≤ |P | − 3n. (1)

On the other hand, we can obtain a monochromatic clique partition P̃ of
H from a minimum vertex cover V ∗

c of G, as follows. For a gadget g(u, v) in
H, if (u, v) is covered by exactly one end vertex in V ∗

c , say u, then let e1u,v
be in the same clique with u in P̃ , and hence K(u) is of color �(u). If (u, v)
is covered by both u and v, then let e1u,v be in the same clique with either

u or v in P̃ arbitrarily. Since every edge is covered by at least one vertex,
every vertex of type e1u,v is contained in either K(u) or K(v). We claim that
for every vertex u ∈ V ∗

c , K(u) contains at least one vertex of type e1u,v. For
if there exists a u0 ∈ V ∗

c such that K(u0) contains no vertex e1u0,v for every
neighbor v of u0 in G, then V ∗

c \{u0} is a vertex cover of G with cardinality
less than V ∗

c , contradicting the minimality of V ∗
c . Since no two vertices in G

can be in the same clique in P̃ , there are exactly |V ∗
c | cliques in P̃ containing

vertices of type e1u,v.

For any vertex v of G that is not contained in V ∗
c , let v form a clique in P̃

with a vertex e2u,v for a neighbor u of v in G. Note that such a vertex e2u,v is
always available for v, since any neighbor of v in G must be in V ∗

c .

Finally, we let the remaining vertices of type e2u,v be vertex-cliques in P̃ .

P̃ consists of |E| cliques containing vertices of type e2u,v, and |V ∗
c | cliques

containing vertices of type e1u,v, therefore

|V ∗
c | = |P̃ | − |E| = |P̃ | − 3n. (2)
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Thus P̃ is a minimum monochromatic clique partition; for if there exists a
monochromatic clique partition P with |P | < |P̃ |, then by the above discussion
we can always obtain a vertex cover Vc of G with |Vc| ≤ |P |− 3n < |P̃ |− 3n =
|V ∗

c |, contradicting the minimality of V ∗
c .

Given an instance of the Vertex Cover problem restricted to 3-regular
connected graphs, we can turn it into an instance of MCLP. We can assume
that the monochromatic clique partition P we find satisfies the condition that
every vertex of type e1u,v is contained in K(u) or in K(v), and that there is
no vertex-clique u or v in P . Then from P we can obtain a solution Vc for
the instance of the Vertex Cover problem, in the way we discussed above. We
keep using the notations P ∗ and V ∗

c to denote the optimal solutions for both
problems. We have |P | = |Vc| + 3n and |P ∗| = |V ∗

c | + 3n. Further, using
|P ∗| ≤ 8|V ∗

c | we have 3n ≤ 7|V ∗
c |.

Suppose there exists a small positive ε such that |P | ≤ (1 + ε)|P ∗|. Sub-
stituting Vc and V ∗

c into the inequality, we get |Vc|+ 3n ≤ (1 + ε)(|V ∗
c |+ 3n),

that is, |Vc| ≤ (1 + ε)|V ∗
c |+ 3nε ≤ (1 + ε)|V ∗

c |+ 7ε|V ∗
c | = (1 + 8ε)|V ∗

c |.
Therefore, the existence of a polynomial time approximation scheme for

MCLP restricted to K−
4 -free and monochromatic-K−

4 -free graphs with maxi-
mum monochromatic cliqueK4 would imply the existence of a polynomial time
approximation scheme for the Vertex Cover problem restricted to 3-regular
connected graphs. Since the latter problem is APX-complete, we have that
MCLP is APX-hard on K−

4 -free graphs, and APX-hard on monochromatic-
K−

4 -free graphs. Finally, we have the algorithm from [102] that works out a
solution with a constant approximation ratio for MCLP in monochromatic-
K−

4 -free graphs in which the size of a maximum monochromatic clique is
bounded by a constant. Therefore, statement (2) holds.

2.2 An approximation algorithm for WMCLP

We generalize MCLP to its weighted version WMCLP. Let G be an edge-

colored graph with colors �(G). Each color c ∈ �(G) is associated with a

non-negative cost w(c). Every monochromatic clique CL of G with at least

two vertices has the same non-negative cost as its color, denoted by w(CL).

As any vertex v of G is viewed as a degenerate monochromatic clique, we also

assign it a non-negative cost w(v), with w(v) ≤ min{w(c)|c ∈ �(G)}. WMCLP

asks for a monochromatic clique partition such that the sum of the costs of all
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cliques in the partition is minimal among all the possible partitions. Obviously,

MCLP is the special case of WMCLP in which all the costs are equal to 1.

Li and Zhang [102] presented a polynomial algorithm, denoted by Alg(clique),

which was claimed to calculate all maximal monochromatic cliques in a K−
4 -

free graph and return a maximum one. Actually, their claim holds when

K−
4 -free is replaced by monochromatic-K−

4 -free.

In this chapter, we use Alg(clique) to find all the maximal monochromatic

cliques by applying an (ln |V (G)|+1)-approximation algorithm (Algorithm 1)

for solving WMCLP restricted to monochromatic-K−
4 -free graphs. In Algo-

rithm 1, Alg(clique) is implemented from Step 2 to Step 9.

Let G be a monochromatic-K−
4 -free graph, and let CL1 and CL2 be two

distinct maximal monochromatic cliques in G. Suppose that there is at least

one common edge (u, v) of CL1 and CL2. Since CL1 and CL2 are maximal,

there must be at least one vertex w ∈ V (CL1)\V (CL2) and one vertex x ∈
V (CL2)\V (CL1) such that w and x are nonadjacent. But then u, v, w and x

span a monochromatic-K−
4 in G, a contradiction. Therefore, any two distinct

maximal monochromatic cliques in a monochromatic-K−
4 -free graph do not

share a common edge.

We note that MCLP can be considered as a variant of the Set Cover prob-

lem, in which the (possibly exponentially many) subsets are the vertex sets of

all the monochromatic cliques and vertex-cliques of the input graph G, and

the objective is to find a minimum collection of pairwise disjoint subsets cov-

ering the vertex set of G. Hence, it is natural that our design of a greedy

approximation algorithm for WMCLP is inspired by the greedy algorithm for

the weighted Set Cover problem in [33].

Theorem 2.2.1. Algorithm 1 runs in polynomial time and achieves the per-
formance ratio ln |V (G)|+1 for WMCLP on a monochromatic-K−

4 -free graph
G.

Proof. In this proof, we do not distinguish between a clique and its vertex set.

First we claim that the set C contains all maximal monochromatic cliques
after the execution of the loop from Step 2 to Step 9 in Algorithm 1. Since
any two maximal monochromatic cliques do not share an edge in G, every
edge belongs to one maximal monochromatic clique. Hence, we can start from
the end vertices of any edge, and find out the maximal monochromatic clique
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Algorithm 1 An approximation algorithm for WMCLP on monochromatic-
K−

4 -free graphs

Input: A monochromatic-K−
4 -free graph G;

Output: A monochromatic vertex-disjoint clique partition D of G;
1: Let C := ∅,D := ∅;
2: repeat

3: Select an edge (vi, vj) ∈ E(G);
4: Let S := {vi, vj};
5: while there is a vertex vk which is color-adjacent to each vertex of the

monochromatic clique G[S] do
6: S = S ∪ {vk};
7: end while

8: C = C ∪ S, E(G) = E(G) \ E(S), where E(S) denotes the edges of G
with both end vertices in S;

9: until no edge in E(G).
10: Let Q := V (G) ∪ C;
11: repeat

12: Pick q ∈ Q such that the ratio w(q)/|q| is minimum, where w(q) denotes
the weight of the monochromatic clique G[q];

13: Let C ′ := ∅;
14: for all c ∈ C do

c = c \ q, C ′ = C ′ ∪ c;
15: end for

16: D = D ∪ {q}, V (G) = V (G) \ q, Q = V (G) ∪ C ′, C = C ′;
17: until V (G) = ∅.
18: return D.

containing the edge through the loop from Step 5 to Step 7. Then, all edges of
this clique are removed from E(G). Repeating this process until E(G) becomes
empty, all maximal monochromatic cliques of G are found. The running time
of the loop from Step 2 to Step 9 is at most O(|E||V |2) = O(|V |4).

Assume that the loop from Step 11 to Step 17 is iterated r times. Let
the vertex-clique or maximal monochromatic clique picked in Step 12 at the
i-th iteration of the loop be qi, for 1 ≤ i ≤ r. Let G = G1 and Gi+1 =
G1 \ {q1 ∪ q2 ∪ . . . ∪ qi} = Gi \ qi, for 1 ≤ i ≤ r − 1. The algorithm outputs
D = {qi, 1 ≤ i ≤ r} as a solution.

It is easy to prove by induction that Q contains all the vertex-cliques and
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maximal monochromatic cliques of Gi+1 at the i-th iteration after the execu-
tion of Step 16, for 1 ≤ i ≤ r−1. We denote by Pi an optimal monochromatic
clique partition of Gi and w(Pi) the cost of Pi, for 1 ≤ i ≤ r. Note that P1 is
an optimal solution of the problem. Let j be an integer such that 1 ≤ j ≤ r−1.
Let the number of cliques in Pj be t, and Pj = {pj1, pj2, . . . , pjt}. Then
P ′
j = {pji \ qj : 1 ≤ i ≤ t} is a monochromatic clique partition of Gj+1.

Hence, w(Pj+1) ≤ w(P ′
j) =

∑t
i=1 w(pji \ qj). Furthermore, for each pji ∈ Pj,

if |pji \ qj| ≥ 2, w(pji) = w(pji \ qj); otherwise w(pji) ≥ w(pji \ qj). Therefore,
w(Pj+1) ≤ w(P ′

j) ≤
∑t

i=1w(pji) = w(Pj).

Note that for any monochromatic clique q and q′ ⊆ q with |q′| ≥ 2, the re-

lation w(q)
|q| ≤ w(q′)

|q′| holds. Therefore, the clique qi picked in Step 12 at the i-th

iteration has the minimum ratio w(qi)
|qi|

over all vertex-cliques and monochro-

matic cliques of Gi. So we have w(qi)
|qi|

≤ w(pij)
|pij |

, for 1 ≤ j ≤ t. Therefore,

w(Pi) =

t∑
j=1

|w(pij)|
|pij|

|pij| ≥
w(qi)

|qi|

t∑
j=1

|pij | =
w(qi)

|qi|
|V (Gi)|,

or, w(qi) ≤ w(Pi)|qi|
|V (Gi)|

. Hence,

w(D) =

r∑
i=1

w(qi) ≤
r∑

i=1

w(Pi)|qi|
|V (Gi)|

≤ w(P1)

r∑
i=1

|qi|
|V (Gi)|

≤ w(P1)
r∑

i=1

|qi|−1∑
k=0

1

|V (Gi)| − k
= w(P1)H(|V (G)|)

≤ w(P1)(ln |V (G)|+ 1),

where H(|V (G)|) is the |V (G)|-th harmonic number.

To show that the above approximation ratio is tight, we present an example

to demonstrate that the approximation algorithm may find a solution with cost

H(n) times the optimum, where n is the number of vertices of the graph.

Let G be an edge-colored complete graph with vertices v1, v2, . . . ,vn. And

let the cost of every vertex-clique vi be 1
i+ε for i = 1, 2, . . . , n, where ε is a

very small positive number. All edges e ∈ E(G) have the same color of cost

1. It is not difficult to verify that Algorithm 1 finds a solution consisting of

all vertex-cliques in the order vn, vn−1, . . . , v1, with total cost
∑n

i=1
1

i+ε , and
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hence arbitrarily close to H(n), whereas the optimal solution picks G directly,

with cost 1.

2.3 RCYP is NP-complete for triangle-free graphs

We first consider several trivial cases of RCYP. Let G be an edge-colored graph

on n vertices. If G is colored with a small number of colors, say �(G) = 1

or �(G) = 2, then we can only partition G into n vertex-cycles. When G

is colored by the largest possible number of colors, that is, �(G) = |E(G)|,
then finding the minimum rainbow cycle partition of G is at least as hard as

finding a Hamiltonian cycle of G, which is well-known to be NP-complete. For

�(G) ≥ 3, Li and Zhang [102] showed that RCYP is NP-complete, even if the

input graph G is K−
4 -free. Their proof is based on a reduction from the Exact

Cover By 3-Sets problem. We achieve a further strenghtening by showing that

RCYP is NP-complete, even if the input graphs are restricted to triangle-free

graphs, a proper subclass of K−
4 -free graphs.

Our proof is based on a reduction from the Minimum Set Cover problem,

which is well-known to be NP-complete. In an instance of the Minimum

Set Cover problem, a universe U of n elements, a collection of subsets of U ,

S = {s1, ..., sm} where ∪m
i=1si = U , and a positive integer k ≤ min{m,n}

are given. The question is whether there exists a subcollection C of S with

|C| ≤ k that covers all the elements of U .

Theorem 2.3.1. RCYP is NP-complete when restricted to triangle-free graphs.

Proof. RCYP on triangle-free graphs is clearly in NP: a nondeterministic al-
gorithm needs only to guess a set of cycles of the input graph, and to check
in polynomial time whether the cycles in the set are vertex-disjoint rainbow
cycles that cover all vertices of the graph, and whether the number of cycles
in the set is not larger than a given positive number.

Suppose now that we are given an instance of the Minimum Set Cover
problem, with the universe U = {ui|1 ≤ i ≤ n} and the subset collection
S = {sj|1 ≤ j ≤ m}, where ∪m

i=1si = U . We construct an edge-colored
triangle-free graph G as follows.

The vertex set of G is the union of the sets Ui = {u1i , u2i } ∪ {u1ij , u2ij |1 ≤
j ≤ m}, 1 ≤ i ≤ n, and Si = {sij|0 ≤ j ≤ n+ 1}, 1 ≤ i ≤ m.
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We define the following colors for the edges of G.

1. For 1 ≤ i ≤ n, 1 ≤ j ≤ 2m+ 1, define the colors cij .

2. For 0 ≤ i ≤ n, define the colors �i.

3. For 1 ≤ i ≤ m, define the colors �i1 and �i(n+1).

4. For 1 ≤ i ≤ m, supposing the set si contains ti elements, define the
colors di1, di2, . . ., di(ti−1).

The edges of G and their colors are given below.

1. For 1 ≤ i ≤ m, form the cycles CYi(si0, si(n+1)) = si0si1 . . . si(n+1).
Assign color �i1 to edge (si0, si1), and color �i(n+1) to edge (si0, si(n+1)).
Each of the other n edges on the cycle is assigned a color from the set
{cj1 : uj /∈ si, 1 ≤ j ≤ n} ∪ {�0} ∪ {dij : 1 ≤ j ≤ ti − 1}, so that no two
edges have the same color. Note that we have exactly n colors in the
color set, because ti is the number of uj’s contained in si. We denote by
Pi(si1, si(n+1)) the path si1si2 . . . si(n+1).

2. For 1 ≤ i ≤ n, form the cycles CYi(u
1
i , u

2
i ) = u1iu

1
i1u

1
i2 . . . u

1
imu2i1u

2
i2 . . . u

2
im

u2i u
1
i . Assign color �i to the edge (u

1
i , u

2
i ). Denote the paths u1i u

1
i1u

1
i2 . . . u

1
im

u2i1u
2
i2 . . . u

2
imu2i by Pi(u

1
i , u

2
i ). Assign colors cij , 1 ≤ j ≤ 2m + 1 to the

2m+ 1 edges of Pi(u
1
i , u

2
i ) successively.

3. For 1 ≤ j ≤ n, 1 ≤ i ≤ m, if si contains uj, join u1j and si1 by an edge

and assign color �i1 to the edge, and join u2j and si(n+1) and assign color
�i(n+1) to the edge.

4. For 1 ≤ j < i ≤ n, if there exists a set sp, 1 ≤ p ≤ m, containing both
ui and uj , then join u1j and u2i , and u2j and u1i , and assign color �j to the
edges.

It is easy to verify that G is triangle-free and that the construction can be
accomplished in polynomial time.

Given a positive integer k ≤ min{m,n}, we prove that there is a covering
C ⊆ S of U with no more than k subsets, if and only if G has a rainbow cycle
partition P with k′ +m ≤ k +m rainbow cycles.

The following properties of P are crucial for our proof.
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1. For 1 ≤ i ≤ m, the vertex si0 either forms a vertex-cycle, or is contained
in the cycle CYi(si0, si(n+1)) of P , and hence we have m cycles in P , each
containing one si0. To see this, suppose that si0 is contained in a rainbow
cycle CY . CY must contain the edges (si0, si1) and (si(n+1), si0). Since
every edge associated with si1 has color �i1 except the edge (si1, si2), CY
must contain (si1, si2). Similarly CY must contain the edge (sin, si(n+1))
and hence CY = CYi(si0, si(n+1)).

2. For 1 ≤ i ≤ m, the path Pi(si1, si(n+1)) is contained in a rainbow cycle;
otherwise, the vertices si0, si1, . . ., si(n+1) must form n+2 vertex-cycles
in P . However, we have m rainbow cycles to cover all si0 by Property
1. Together we need at least m+ n+2− 1 = m+ n+1 > k′ +m cycles
in P , a contradiction.

3. For any 1 ≤ i �= j ≤ m, the two paths Pi(si1, si(n+1)) and Pj(sj1, sj(n+1))
cannot be contained in the same rainbow cycle, since both of them have
an edge of color �0.

4. For 1 ≤ i ≤ n, the path Pi(u
1
i , u

2
i ) is contained in a rainbow cycle;

otherwise, the 2m vertices u1ij and u2ij , j = 1, . . . ,m would form 2m
vertex-cycles in P . Then, there would be at least 2m+1 > k′+m cycles
in P , a contradiction.

5. If there is a rainbow cycle CY in P containing only vertices in ∪n
j=1Uj,

then CY = CYi(u
1
i , u

2
i ), for some 1 ≤ i ≤ n. To see this, let j0 be the

smallest index such that CY contains some vertices in Uj0 . By Property
4, CY contains the paths Pj0(u

1
j0
, u2j0). If CY contains some more ver-

tices in ∪n
j=1Uj , then there must be two edges joining Pj0(u

1
j0
, u2j0) to the

other part of CY , which must be associated with u1j0 and u2j0 . However,
both edges have the same color �j0 , contradicting the rainbow property
of CY . Therefore CY = CYj0(u

1
j0
, u2j0).

6. If sj does not contain ui, then the path Pi(u
1
i , u

2
i ) cannot be in a rainbow

cycle which contains the path Pj(sj1, sj(n+1)). The reason is that the first
edge of Pi(u

1
i , u

2
i ) is colored ci1, while there is also an edge of color ci1

on the path Pj(sj1, sj(n+1)).

According to the above properties, there are only four possible kinds
of rainbow cycles in the partition P . The first kind consists of the cycles
CYi(si0, si(n+1)), for some 1 ≤ i ≤ m. The second kind consists of the cy-
cles which contain a path Pi(si1, si(n+1)) and several paths Pj(u

1
j , u

2
j ), where
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uj ∈ si for some 1 ≤ i ≤ m and 1 ≤ j ≤ n. The third kind are the vertex-
cycles formed by si0 for some 1 ≤ i ≤ m. The fourth kind consists of the
cycles CYi(u

1
i , u

2
i ), for some 1 ≤ i ≤ n.

Now suppose G has a rainbow cycle partition P with k′ + m ≤ k + m
vertex-disjoint rainbow cycles. By Property 1, there must be m cycles of the
first or third kind in P , each covering one si0, for 1 ≤ i ≤ m. Let t and t′

denote the number of rainbow cycles in P of the second kind and the fourth
kind, respectively. Then t + t′ = k′ ≤ k. Every rainbow cycle of the second
kind contains a path Pi(si1, si(n+1)) for some si ∈ S; there are t such si’s. For
every rainbow cycle CYi(u

1
i , u

2
i ) of the fourth kind, we can always find a subset

sj in S containing ui, since ∪m
j=1sj = U ; there are at most t′ such sj’s. The

subcollection of S composed of the si’s and sj’s covers U , and has at most
t+ t′ ≤ k′ ≤ k elements.

Conversely, let there be a covering C of U with k′ ≤ k subsets. Without
loss of generality, let C = {s1, . . . , sk}. Let s′1 = s1, and s′i = si\∪i−1

j=1 sj, i ≥ 2.
Then s′1, . . ., s

′
k are k′ disjoint subsets (some of which may be empty) whose

union covers U . For every 1 ≤ i ≤ k′, if s′i �= ∅, take a rainbow cycle of the
second kind constituted by the path Pi(si1, si(n+1)) and the paths Pj(u

1
j , u

2
j )

for all uj ∈ s′i. Since ∪k
i=1s

′
i covers U , all vertices of G in Ui, 1 ≤ i ≤ n, are

covered by these rainbow cycles. Finally take m rainbow cycles of the first
kind CYi(si0, si(n+1)) or the third kind si0, covering all vertices of G that are
left. Then a partition of at most k′ + m ≤ k + m rainbow cycles for G is
obtained.

2.4 Concluding remarks

In this chapter we obtained results on the inapproximability and complexity

of MCLP and RCYP restricted to graphs avoiding some induced subgraphs.

We also presented a (1 + ln |V (G)|)-approximation algorithm for WMCLP

restricted to monochromatic-K−
4 -free graphs. A natural suggestion for fur-

ther research is to consider possible approximation algorithms for RCYP

or its weighted version on triangle-free graphs, and alternative algorithms

that might improve the approximation ratio (1 + ln |V (G)|) for WMCLP on

monochromatic-K−
4 -free graphs. Another interesting direction is to study the

computational complexity of similar problems, e.g., on minimum monochro-

matic or rainbow path and tree partitions, restricted to graphs avoiding some
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induced subgraphs.





Chapter 3

On the complexity of injective

coloring

In this chapter, we prove that it is NP-complete to determine the injective

chromatic number even when we restrict the problem to some special bipartite

graphs. Furthermore, we show that for every ε > 0, it is impossible to effi-

ciently approximate the injective chromatic number of bipartite graphs within

a factor of n
1
3
−ε unless ZPP = NP. For the max-injective coloring problem,

we prove that there is a constant approximation algorithm on power chordal

graphs with bounded injective chromatic number. We also devise a constant

approximation algorithm for max-injective coloring some bipartite graphs. For

the on-line injective coloring problem, we prove that First Fit (FF) injectively

colors P3-free graphs optimally, where First Fit is an on-line algorithm that

simply assigns the smallest eligible color to each vertex. We also prove that

the number of colors used by FF∗ for bipartite graph G is bounded by 3
2 times

the on-line injective chromatic number, where FF∗ is an on-line algorithm

equivalent to FF proper coloring the complement of G. Moreover, we present

an improved algorithm BFF, and prove that it is optimal for on-line injectively

coloring bipartite graphs.

37
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3.1 Off-line injective coloring

3.1.1 NP-hardness of injective coloring bipartite graphs

Recall the problem of injective k-coloring a graph (see Section 1.1.2). In this

section, we show that the problem is NP-hard even when it is restricted to

some special class of bipartite graphs.

Problem A

Instance: A balanced bipartite graph G = (U, V ;E) where |U | = |V | and
a positive integer k.

Question: Is there an injective k-coloring of G?

Theorem 3.1. The Problem A is NP-complete.

Proof. It is easy to see Problem A is in NP. We use a reduction from the
problem of injective coloring a general graph G = (V ;E) which has been
proved to be NP-complete [68]. Let k be a positive integer. We will construct
a bipartite graph G̃ with the property that χi(G) ≤ k if and only if χi(G̃) ≤ k.
Here χi(G) denotes the injective chromatic number (see Section 1.1.2).

Let G′ = (V ′;E′) be a copy of G, where V ′ = {u′ : u ∈ V } and
E′ = {u′v′ : uv ∈ E}. We construct a bipartite graph G̃ with bipartite sets
V and V ′ such that both uv′ ∈ E(G̃) and u′v ∈ E(G̃) iff uv ∈ E(G). The
graph G̃ can clearly be constructed in polynomial time.

Let c : V → [k] be an injective k-coloring of G. We define a coloring
c̃ : V (G̃) → [k] as follows. Set c̃(u) = c(u) for each u ∈ V , and c̃(u′) = c̃(u)
for each u′ ∈ V ′ (recall u′ of V ′ is the corresponding vertex of u). Let u and
v be two vertices in G̃ that have a common neighbor x. By the definition of
G̃, u, v ∈ V and x ∈ V ′, or, u, v ∈ V ′ and x ∈ V . In the first case, let w be
the vertex in V corresponding to x. Then, uw and vw ∈ E. In the second
case, let w be the vertex in V ′ corresponding to x. Then, uw and vw ∈ E′.
Therefore, c̃(u) �= c̃(v), and hence c̃ is an injective coloring of G̃.

Conversely, let c̃ be an injective k-coloring of G̃. Since any two vertices of
V that have a common neighbor in G must have a common neighbor in G̃,
and c̃ is injective, the restriction of c̃ to V injectively colors G with not more
than k colors.
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Problem B

Instance: A bipartite graph G = (U, V ;E) with |U | ≥ |V |, where G has

an induced balanced complete bipartite subgraph with order 2|V |, and
a positive integer k.

Question: Is there an injective k-coloring of G?

Theorem 3.2. The Problem B is NP-complete.

Proof. It is easy to see that Problem B is in NP. We use a reduction from
the problem of proper coloring a graph G = (V ;E). We will construct a
bipartite graph G̃ with the required property such that χ(G) ≤ k if and only
if χi(G̃) ≤ k + |E|.

Let V (G̃) = V ∪ VE ∪ V ′
E , where VE = {xuv : uv ∈ E}, and V ′

E = {yuv :
uv ∈ E}. Let E(G̃) = EA ∪ EB , where EA = {uxuv, vxuv : uv ∈ E}, and
EB = {xuvyst : uv ∈ E, st ∈ E}.

G̃ is obtained from G by the following two steps. Firstly, we get a bipartite
graph G′ = (V, VE) by subdividing each edge of the graph G; secondly, G̃ =
(V ∪V ′

E , VE) is obtained from G′ by adding |E| new vertices and |E|2 edges to
ensure that G̃[V ′

E∪VE)] is a complete bipartite graph. This complete bipartite
subgraph guarantees that any two vertices of V ′

E have common neighbors in
VE, and that each vertex of V ′

E and each vertex of V have a common neighbor
in VE (such as u in V and y in V ′

E have a common neighbor xuv in VE). The
graph G̃ can clearly be constructed in polynomial time.

Let c : V → [k] be a proper k-coloring of G. We define an injective coloring
c̃ : V (G̃) → [k] ∪ E, using k + |E| colors as follows. Set c̃(u) = c(u) for each
u ∈ V , and c̃(xuv) = c̃(yuv) = uv for each xuv ∈ VE and each yuv ∈ V ′

E . It is
easy to see that all vertices in VE have distinct colors (so does V ′

E), and that
vertices in different bipartite sets have no common neighbor. We only need to
consider the vertices in V ∪V ′

E. Since the vertices of V with common neighbor
in G̃ are adjacent in G, and since c is a proper coloring of G, V is injectively
colored with respect to c̃. Since the colors on vertices in V ′

E are distinct from
that on V , c̃ is injective.

Conversely, let c̃ be an injective l-coloring of G̃. We claim that the restric-
tion of c̃ on V is a proper coloring of G using no more than l−|E| colors. Since
G̃[V ′

E ∪ VE ] is a complete bipartite graph, all vertices in V ′
E receive distinct

colors in c̃. Note that NG̃(u) ∩ NG̃(v) �= ∅ for each vertex u ∈ V and each
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vertex v ∈ V ′
E . With respect to c̃, the vertices in V receive at most l − |E|

colors which all are distinct from those |E| colors assigned to the vertices of
V ′
E. Since c̃ is injective and each pair of adjacent vertices of G have a common

neighbor in G̃, the restriction of c̃ to V properly colors G.

Although the injective chromatic number of a tree can be computed effi-

ciently [77], the problems of injective coloring some special bipartite graphs

are NP-hard. Following the idea of [77], we consider the inapproximability of

injective coloring bipartite graphs.

3.1.2 On the inapproximability of injective coloring bipartite

graphs

A k-fold coloring of a graph G is an assignment of sets of size k to vertices of

a graph such that adjacent vertices receive disjoint sets. A k-fold b-coloring is

a k-fold coloring out of b available colors. The k-fold chromatic number χk(G)

is the least b such that G admits a k-fold b-coloring. The fractional chromatic

number χf (G) is defined to be χf (G) = infk
χk(G)

k . It has been shown that

χf (G) ≥ |V (G)|
α(G) [96].

The common neighbor graph of G, denoted by G[2], is the graph on the

vertices ofG in which two vertices are adjacent if they have a common neighbor

in G. It is not difficult to check that χ(G[2]) = χi(G).

We have observed that it is NP -hard to compute the injective chromatic

number even restricted to some special classes of bipartite graphs. Now we

further prove an inapproximability result which shows that it is not tractable

to approximate the injective chromatic number of a bipartite graph G =

(U, V ;E), n = |U |+ |V | within a factor of n
1
3
−ε for all ε > 0.

Theorem 3.3. If ZPP �= NP , then, for every ε > 0, it is not possible to
efficiently approximate χi(G) within a factor of n

1
3
−ε, for any bipartite graph

G.

Proof. In [48], it was shown that for a given graph G and any fixed ε > 0, the
problem of deciding whether χ(G) ≤ nε or α(G) < nε is not possible to be
solved efficiently if ZPP �= NP .
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Let G be a connected graph. Let G̃k be the bipartite graph constructed
from k copies of G̃ which is defined in the proof of Theorem 3.2 by identi-
fying, for each uv ∈ E(G), all copies of xuv, and all copies of yuv. That is,
if v1, v2, . . . , vn are the vertices of G, then V (G̃k) =

⋃k
i=1{vi1, vi2, . . . , vin} ∪

{xuv, yuv : uv ∈ E(G)}, E(G̃k) =
⋃k

i=1{uixuv, vixuv : uv ∈ E(G)} ∪ {xuvyst :
uv, st ∈ E(G)}.

If uv ∈ E(G), then G̃
[2]
k [
⋃k

i=1 u
i ∪ ⋃k

i=1 v
i] is a clique. Hence it follows

that from any coloring of G̃
[2]
k one can construct a fractional k-fold coloring of

G by projecting each color class of G̃
[2]
k to G, i.e., mapping each ui to u. So

χ(G̃
[2]
k ) ≥ χk(G) + e(G) (e(G) = |E(G)|). Since χf (G) = infk

χk(G)
k , we then

obtain the following inequalities.

k·n
α(G) + e(G) ≤ k · χf (G) + e(G) ≤ χk(G) + e(G) ≤ χ(G̃

[2]
k ) = χi(G̃k) ≤

k · χ(G) + e(G).

Therefore if χ(G) ≤ nε then χi(G̃k) ≤ k · nε + e(G), and if α(G) < nε then
χi(G̃k) > k · n1−ε + e(G). Now we fix k = e(G), and denote by N the number
of vertices in G̃k. For n ≥ 21/ε, we obtain the following results.

e(G)·n1−ε+e(G)
e(G)·nε+e(G) ≥ 1

2n
1−2ε ≥ n1−3ε ≥ (e(G) · n+ 2e(G))

1
3
(1−3ε) = N

1
3
−ε.

Hence if we can efficiently N
1
3
−ε− approximate the injective coloring of G̃k

then we can decide whether χ(G) ≤ nε or α(G) < nε. This completes the
proof.

3.1.3 An approximation algorithm for the max-injective col-

oring problem

We denote the k-th power of G by Gk which is obtained from G by joining

any two vertices of distance at most k in G. A graph is chordal if each of its

cycles on four or more vertices has a chord, which is an edge that is not part

of the cycle but connects two vertices of the cycle. A power chordal graph is a

graph of which all powers are chordal. Given a graph G = (V ;E) and a weight

function ω : V → N, the max-injective coloring problem is to find an injective

vertex coloring c of G with k colors that minimizes
∑k

i=1 maxv∈c−1(i)ω(v).

Here
∑k

i=1 maxv∈c−1(i)ω(v) is referred to as the weight of the injective color-

ing. When ω(v) = 1 for all v ∈ V (G), min
∑k

i=1 maxv∈c−1(i)ω(v) is simply
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the injective chromatic number of G. So the problem of max-injective col-

oring bipartite graphs is also NP-hard. Hell et al. proved that the injective

chromatic number of a power chordal graph can be computed in polynomial

time [77]. Now, we show that for power chordal graphs with bounded injective

chromatic number, an optimal injective coloring will lead to a constant ratio

approximation algorithm for max-injective coloring.

Theorem 3.4. Let s be a positive integer, and let G be a power chordal graph
with a weight function ω : V (G) → N. If χi(G) ≤ s, then an optimal injective
coloring of G produces a max-injective coloring for G whose weight is at most
s · optM (G), where optM is the weight of an optimal max-injective coloring.

Proof. Let optM be the weight of an optimal max-injective coloring, and
let A1, A2, ..., Ak be the k injective color classes in optM . For each subset
S of V (G), we use ω(S) to denote the weight of the heaviest vertex in S,
where ω(S) = 0 if S = ∅. Under this assumption, optM =

∑k
i=1 ω(Ai). Let

C1, C2, ..., Cs be the color classes of an optimal injective coloring c of G, where
empty sets may appear if χi(G) < s. Now, the weight of c is

∑s
j=1 ω(C

j). Let

Cj
i = Ai ∩ Cj, 1 ≤ i ≤ k, 1 ≤ j ≤ s. Then Cj =

⋃k
i=1C

j
i , Ai =

⋃s
j=1C

j
i ,

ω(Cj) = max1≤i≤k ω(C
j
i ) ≤ ∑k

i=1 ω(C
j
i ), and ω(Ai) = max1≤j≤s ω(C

j
i ). So,∑s

j=1 ω(C
j) ≤

∑s
j=1

∑k
i=1 ω(C

j
i ) ≤

∑k
i=1 s·max1≤j≤s ω(C

j
i ) =

∑k
i=1 s·ω(Ai) =

s · optM .

Motivated by [119], we obtain a constant-approximation algorithm MBFF

for max-injective coloring a class of special bipartite graphs, with an on-line

algorithm BFF (BFF will be introduced in Section 3.2) for injective coloring

bipartite graphs.

MBFF (G,ω):

1. Sort the vertices of V (G) in non-increasing order of weights.

2. Present the vertices in this order to BFF .

3. Return the injective coloring produced by BFF .

A class G of graphs is called induced-hereditary, if G is closed under taking

induced subgraphs. Then we draw the following conclusion.

Theorem 3.5. Let b be a constant and let G be an induced-hereditary subclass
of special bipartite graphs such that ∀G ∈ G, α(G) ≤ bΔ(G). Then, for any
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G ∈ G and for any weight function ω : V (G) → N, MBFF produces an
injective coloring for G whose weight is at most b · optM (G), where optM is
the weight of an optimal max-injective coloring.

Proof. Suppose that A1, A2, ..., At is the injective coloring of G produced by
MBFF . Then t ≤ χBFF

i (G). Set am = maxv∈Am ω(v). Without loss of
generality we assume that a1 ≥ a2 ≥ ... ≥ at. Then, the weight of A1, A2, ..., At

is
∑t

m=1 am.

Let C1, C2, . . . , Ck be an injective coloring of G which is an optimal max-
injective coloring of G. Set ωm = maxv∈Cm ω(v) and without loss of generality
assume that ω1 ≥ ω2 ≥ . . . ≥ ωk. Thus k ≥ χi(G) ≥ Δ(G). Note that
optM(G) =

∑k
m=1 ωm.

By Lemmas 3 and 4 given below in Section 3.2.2, χBFF
i (G) ≤ α(G) ≤

bΔ(G). So t ≤ χBFF
i (G) ≤ bΔ(G) ≤ bχi(G) ≤ bk. Set At+1 = ... = Abk = ∅,

and at+1 = ... = abk = 0.

We will prove that ωm ≥ aj, for each m, 1 ≤ m ≤ k, and each j, b(m−1) <
j ≤ bk.

For m = 1 and each j, 1 ≤ j ≤ t, we have ω1 ≤ aj , since ω1 is the
maximum weight of any vertex in G. For any m ≥ 2, define Vm = {v | ω(v) >
ωm} ⊆ V . The injective coloring C1, C2, ..., Ck of G restricted to Vi is a m− 1
injective coloring of G[Vm]. Since χBFF

i (G[Vm]) ≤ α(G[Vm]) ≤ bΔ(G[Vm]) ≤
bχi(G[Vm]) ≤ b(m − 1), algorithm MBFF injectively colors G[Vm] with no
more than b(m− 1) colors. Therefore, ωm ≥ aj , for each m, 1 ≤ m ≤ k, and
each j, b(m− 1) < j ≤ t.

As
∑b·k

m=1 am =
∑k

m=1

∑bm
j=b(m−1)+1 aj ≤

∑k
m=1

∑bm
j=b(m−1)+1 ωm =

∑k
m=1 b·

ωm = b · optM (G), we obtain that
∑t

m=1 am ≤ b · optM (G).

3.2 On-line injective coloring

Let again α(G) denote the independence number of G, that is the size of a

maximum independent set in G. Let AOL(G) be the set of all on-line injective

coloring algorithms for a graph G, and let Π(G) denote all permutations of the

vertices of G. For A ∈ AOL(G) and π ∈ Π(G), we use χA
i (G,π) to denote the

number of colors used by A when the vertices of G are presented in the order

of π. Let χA
i (G) = maxπ∈Π(G)χ

A
i (G,π), and refer to χA

i (G) as the A-injective
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chromatic number of G. Actually, χA
i (G) measures the worst case behavior of

A on G.

The on-line injective chromatic number of G, denoted by χOL
i (G), is the

smallest number of colors used by an algorithm in AOL(G). Thus, χOL
i (G) =

minA∈AOL(G)χ
A
i (G). OL can be considered to be an optimal on-line algorithm

for injective coloring G. Obviously, χOL
i (G) ≥ χi(G).

Let G be a family of graphs. If A ∈ AOL(G) for every graph G ∈ G , we say

that A is an on-line injective coloring algorithm for G and write A ∈ AOL(G ).

Let f(x) be a function of a single variable x. An algorithm A ∈ AOL(G ) is

said to be f-competitive for G if χA
i (G) ≤ f(χi(G)) for every G ∈ G , i.e.,

the number of colors used by A on G is bounded from above by a function

depending only on the injective chromatic number of G. When f(x) = cx for

some constant c, an f -competitive algorithm is called c-competitive, and c is

referred to as the competitive ratio.

In fact, there are many graphs which have no competitive algorithms. Take

P2n for example. Any algorithm A uses at least n colors when the vertices

of P2n are revealed under an order π where a maximum independent set I of

G emerges first, without knowledge of the coming vertices. Compared with 2

(the injective chromatic number of P2n), A is not competitive for P2n. These

negative results have led to the definition of a weaker form of competitiveness.

An algorithm A ∈ AOL(G ) is said to be on-line c-competitive if there exists a

constant c such that χA
i (G) ≤ cχOL

i (G) for every G ∈ G , and c is referred to

as the on-line competitive ratio.

Let F be a subset of V (G). The hue of F with respect to some coloring c of

G, denoted by H(F ), is the set of all colors assigned to the vertices in F by c.

Let NG(v) denote the neighbor set of v in G, and let N̄G(v) = V (G) \NG(v).

While considering on-line injective coloring a graph of order n, every vertex

must be colored differently from the previous vertex to avoid possible coming

common neighbors. This leads to n colors used. So it is natural to restrict

our attention to some special families of graphs. Here we focus on P3-free

graphs and triangle-free graphs. P3-free graphs are those that do not contain an

induced path on three vertices. In other words, in a P3-free graph, nonadjacent

vertices have no common neighbor. Triangle-free graphs are those that do not

contain an induced triangle. So, adjacent vertices have no common neighbor



On the complexity of injective coloring 45

in triangle-free graphs.

3.2.1 P3-free graphs

Let G be a P3-free graph and let C be a component of G. If C is not complete,

then there must be two vertices at distance two in C, and hence a P3 appears.

Therefore, G is the union of disjoint cliques, and thus χi(G) = ω(G), where

the clique number ω(G) of a graph G is the number of vertices in a maximum

clique in G.

Since in G, adjacent vertices must have common neighbors, and nonadja-

cent vertices cannot have common neighbors, in each injective coloring of G,

adjacent vertices must be colored differently, and nonadjacent vertices may re-

ceive the same color. Thus an injective coloring of G is equivalent to a proper

coloring of G.

Now, we can apply FF to on-line injectively color G (FF was used by

Gyárfás and Lehel [65] in 1988 to assign the smallest possible integer as color

to the current vertex v of the graph). Let π ∈ Π(G). For each vertex v of

G, we use Gv to denote the subgraph of G induced by v and all the vertices

before v under π. We formulate FF as follows.

FF:

If H̃(v) := H(N̄Gv (v))−H(NGv (v)) = ∅, then a new color is used on v.

Else, the smallest color in H̃(v) is used on v.

Theorem 3.6. Let G be a P3-free graph. Then FF uses the optimal number
of colors on G. That is, χFF

i (G) = ω(G).

Proof. First, χFF
i (G) ≥ χi(G) = ω(G) trivially holds. When we color the cur-

rent vertex v, it has at most Δ(G) neighbors (the last vertex of the greatest
clique in G has just now Δ(G) neighbors), and these vertices admit at most
Δ(G) colors, which leads to at most Δ(G)+1 colors used on vertices v. There-
fore, χFF

i (G) ≤ Δ(G) + 1. Since G is a union of cliques, ω(G) = Δ(G) + 1.
So, χFF

i (G) = ω(G).

So FF yields an optimal on-line injective coloring on a P3-free graph.
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3.2.2 Triangle-free graphs and bipartite graphs

Let G denote a family of triangle-free graphs, and let G ∈ G . Since any two

adjacent vertices cannot have a common neighbor in G, adjacent vertices can

be colored the same, and nonadjacent vertices must be colored differently to

avoid the possible common neighbor during the on-line process. So, an on-

line injective coloring of G is equivalent to an on-line proper coloring of its

complement Ḡ.

If every component of G is either a single vertex or a single edge, then all

vertices can be colored with the same color. So, we only consider graphs with

a component of size (the number of edges contained in it) at least 2.

Theorem 3.7. Let G be a triangle-free graph with a component of size at least
2, and let OL be an optimal on-line injective coloring algorithm for G. Then
χOL
i (G) ≥ α(G).

Proof. Let A be an on-line injective coloring of G, and let π(G) be an ordering
of the vertices of G in which the vertices of a maximum independent set
S of G emerge first. Then S must be colored by α(G) colors according to
the rule. So χA

i (G,π) ≥ α(G). Because χA
i (G) is not less than χA

i (G,π),
χA
i (G) ≥ α(G).

Here, we can also use FF to on-line injectively color any G ∈ G . Let

π ∈ Π(G) for G, and assume that v ∈ V (G). Let Gv denote the subgraph of

G induced by v and all vertices before v under π. We express FF∗ as follows.

FF∗:

If H̃(v) = H(NGv (v))−H(N̄Gv (v)) = ∅, then a new color is used on v.

Else, the smallest color in H̃(v) is used on v.

In [65], Gyárfás and Lehel proved that FF returns a tight bound to the on-

line coloring of a graph G while Ḡ is bipartite. Here Ḡ denotes the complement

of G.

Lemma 1. [65] χFF (Ḡ) ≤ 3
2α(G) for each bipartite graph G, and this bound

is tight.
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Therefore, we have χFF ∗

i (G) ≤ 3
2α(G) for each bipartite graph G, and thus

Theorem 3.8. χFF ∗

i (G) ≤ 3
2χ

OL
i (G) for each bipartite graph G.

Next we further improve the competitive ratio of FF∗ by presenting a new

optimal on-line injective coloring algorithm BFF for G.

Let π ∈ Π(G) for a bipartite graph G, and let v be a vertex of G. We still

use Gv to denote the subgraph induced by v and all vertices before v under

π. Let Cv = (I1, I2) be the component of Gv containing v. Note that (I1, I2)

is the unique bipartition of Cv. Without loss of generality, we assume that

v ∈ I1.

BFF:

If H̃(v) = H(I2)−H(I1)−H(Gv \Cv) = ∅, then a new color is used on v.

Else, the smallest color in H̃(v) is used on v.

Remark: In BFF, we know that the colors of vertices in the same bipartite

class of the same component are different from each other, and the same

happens on the vertices in different components.

Lemma 2. Let G be a bipartite graph with two components A1 and A2. Then,
for any π ∈ Π(G), χBFF

i (G,π) = χBFF
i (A1, π1) + χBFF

i (A2, π2), where πj is
the restriction of π on Aj, j = 1, 2.

Proof. We proceed by induction on the order n of G. The lemma is true for
n = 2, because G = 2K1 in this case. Suppose that n ≥ 2. Let v be the last
vertex of G under π, and let G′ = G\{v}. Without loss of generality, v ∈ A1.
By induction, χBFF

i (G′, π) = χBFF
i (A1\{v}, π1) + χBFF

i (A2, π2).

By the Remark, H̃G(v) = HG(I2) − HG(I1) − HG(Gv \ Cv) = HG(I2) −
HG(I1), where |HG(I2)| = |I2|, |HG(I1)| = |I1|, and H̃A1(v) = HA1(I2) −
HA1(I1), where |HA1(I2)| = |I2|, |HA1(I1)| = |I1|.

Suppose that v uses a new color inG under π (i.e., χBFF
i (G,π) = χBFF

i (G′, π)+
1). It follows that H̃G(v) = ∅. By BFF, HG(I2) ⊆ HG(I1). Thus |I1| ≥ |I2|.
Assume that v used an old color in A1 under π1, thus HA1(I2) ⊃ HA1(I1).
Then |I2| > |I1|, a contradiction. So, χBFF

i (A1, π1) = χBFF
i (A1\{v}, π1) + 1.

If v uses an old color in G under π (i.e., χBFF
i (G,π) = χBFF

i (G′, π)), then
H̃G(v) �= ∅. By BFF, HG(I1) ⊂ HG(I2). So |I1| < |I2|. Assume that v used a
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new color in A1 under π1. Then HA1(I2) ⊆ HA1(I1). It follows that |I2| ≤ |I1|,
a contradiction. Thus χBFF

i (A1, π1) = χBFF
i (A1\{v}, π1).

We conclude that χBFF
i (G,π) = χBFF

i (A1, π1) + χBFF
i (A2, π2).

It is easy to see that Lemma 2 can be generalized to graphs with three or

more components.

Lemma 3. Let G be a bipartite graph with k components A1, A2, ..., Ak, k ≥ 3.
Then, for any π ∈ Π(G), χBFF

i (G,π) =
∑k

j=1 χ
BFF
i (Aj , πj), where πj is the

restriction of π on Aj, j = 1, . . . , k.

Lemma 4. If G is a connected bipartite graph, then χBFF
i (G) ≤ α(G).

Proof. We prove by induction on the order n of G that χBFF
i (G,π) ≤ α(G),

for any π ∈ Π(G). The statement is true for n = 3, because G = P3 and
χBFF
i (P3, π) = 2 = α(P3).

Suppose, then, that n ≥ 4. Let v be the last vertex of G under π and set
G′ = G(V \{v}). Let c(G′) be the number of components of G′.

First we suppose that c(G′) = 1. Now, χBFF
i (G′, π) ≤ α(G′) by induction

hypothesis. If χBFF
i (G′, π) < α(G′) (i.e., χBFF

i (G′, π) ≤ α(G′) − 1), then
χBFF
i (G,π) ≤ χBFF

i (G′, π) + 1 ≤ α(G′) ≤ α(G) since v is colored by at most
a new color in BFF. If χBFF

i (G′, π) = α(G′) and α(G′) < α(G), then we also
have χBFF

i (G,π) ≤ χBFF
i (G′, π) + 1 ≤ α(G′) + 1 ≤ α(G). So, we assume that

χBFF
i (G′, π) = α(G′), and α(G) = α(G′).

Because c(G′) = c(G) = 1, set G′ = (I ′1, I
′
2) and G = (I1, I2). Without

loss of generality, suppose that I1 = I ′1 ∪ {v} and I2 = I ′2. Then v must
be adjacent with some vertex in I ′2, otherwise it contradicts the connectivity.
Assume that v was colored with a new color in BFF. Since G has a unique
component, by the rule of BFF, H(I ′1) must contain all the old α(G′) colors.
Let O denote the set of vertices colored with these α(G′) colors in I ′1. It follows
that O ∪ {v} ⊂ I1 is an independent set of size α(G′) + 1, larger than α(G′),
a contradiction. Thus χBFF

i (G,π) = χBFF
i (G′, π) = α(G′) = α(G).

Now, we suppose that c(G′) = m,m ≥ 2. Set G′ =
⋃m

k=1Ak, where
Ak denote the kth component of G′. Since the order of Ak is less than n,
χBFF
i (Ak, π) ≤ α(Ak) by induction.

If there exists a j ∈ {1, 2, ...,m} such that χBFF
i (Aj , πj) < α(Aj) (i.e.,

χBFF
i (Aj , πj) ≤ α(Aj)− 1), since v is colored by at most a new color in BFF,
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χBFF
i (G,π) ≤ χBFF

i (G′, π) + 1 =
∑m

l=1 χ
BFF
i (Al, πl) + 1 ≤ ∑j−1

l=1 α(Al) +
α(Aj)− 1 +

∑m
l=j+1 α(Al) + 1 ≤∑m

l=1 α(Al) = α(G′) ≤ α(G) by Lemma 3.

So, we suppose that χBFF
i (Aj , πj) = α(Aj) for all j ∈ {1, 2, ...,m}. By

Lemma 3, χBFF
i (G′, π) =

∑m
l=1 χ

BFF
i (Al, πl) =

∑m
l=1 α(Al) = α(G′). If

α(G) = α(G′) + 1, χBFF
i (G,π) ≤ χBFF

i (G′, π) + 1 = α(G′) + 1 = α(G) as v
is colored by at most a new color in BFF. Otherwise, we have α(G) = α(G′).
Set A1 = (A11, A12), ..., Am = (Am1, Am2). Set G = (I1, I2). Since G is con-
nected, it follows that v must be adjacent to some vertex in Ajk, for every
j ∈ {1, ...,m}, and k = 1 or 2. Without loss of generality, we suppose that
k = 2 for all j. Set I ′1 =

⋃m
j=1Aj1 and I ′2 =

⋃m
j=1Aj2. Let I1 =

⋃m
j=1Aj1∪{v}

and I2 = I ′2. Assume that v was colored with a new color in BFF. By the rule
of BFF, H(I ′1) must contain all the old α(G′) colors. Let O denote the set of
vertices colored with the α(G′) colors. Then O ∪ {v} ⊂ I1 is an independent
set with size α(G′) + 1, larger than α(G′)(i.e., α(G)), a contradiction. Thus
χBFF
i (G,π) = χBFF

i (G′, π) = α(G′) = α(G).

We conclude that for any π ∈ Π(G), χBFF
i (G,π) ≤ α(G), i.e., χBFF

i (G) ≤
α(G).

Combining Lemma 4 with Lemma 3, we have that χBFF
i (G) ≤ α(G) for

each bipartite graph G, and thus

Theorem 3.9. If G is a bipartite graph with at least one component of size
greater than one, then χBFF

i (G) = χOL
i (G).

3.2.3 Concluding remarks

It is interesting to notice that it is easy to determine the chromatic number

of bipartite graphs, whereas it is NP-hard to determine the injective chro-

matic number of bipartite graphs. And for every ε > 0, it is even impossible

to efficiently approximate the injective chromatic number of bipartite graphs

within a factor of n
1
3
−ε if ZPP �= NP . In on-line situations, to the best of

our knowledge, it is not known whether there is an optimal on-line algorithm

for proper coloring bipartite graphs. However, we obtain an optimal on-line

algorithm for injective coloring bipartite graphs.

The first open question is the problem of deciding the complexity of max-

injective coloring trees and the existence of a constant approximation algo-

rithm if it is NP-complete. Another interesting question is to investigate
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the existence of an on-line competitive algorithm for on-line injective coloring

triangle-free graphs.



Chapter 4

An approximation algorithm

for max hypergraph cut with

limited unbalance

We consider the design of a semidefinite programming (SDP) based approx-

imation algorithm for the problem max hypergraph cut with limited unbal-

ance (MHC-LU): find a partition of the vertices of a weighted hypergraph

H = (V,E) into two subsets V1, V2 with ||V2| − |V1|| ≤ u for some given u and

maximizing the total weight of the edges meeting both V1 and V2. The prob-

lem MHC-LU generalizes several other combinatorial optimization problems

including max cut, max cut with limited unbalance (MC-LU), max set splitting,

max Ek-set splitting and max hypergraph bisection.

By generalizing several earlier ideas, we present an SDP randomized ap-

proximation algorithm for MHC-LU with guaranteed worst-case performance

ratios for various unbalance parameters τ = u/|V |. We also give the worst-case

performance ratio of the SDP-algorithm for approximating MHC-LU regard-

less of the value of τ . Our strengthened SDP relaxation and rounding method

improve a result of Ageev and Sviridenko [2] on max hypergraph bisection

(MHC-LU with u = 0), and results of Andersson and Engebretsen [11], Gaur

and Krishnamurti [55] and Zhang et al. [143] on max set splitting (MHC-LU

with u = |V |). Furthermore our new formula for the performance ratio by a

tighter analysis compared with that in Galbiati and Maffioli [53] is responsible

51
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for the improvement of a result of Galbiati and Maffioli [53] on MC-LU for

some range of τ .

4.1 An SDP relaxation of MHC-LU

We first formulate MHC-LU as an integer program. Let H = (V,E) be a

hypergraph with V = {1, . . . ,m} and E = {S1, . . . , Sn}, and let ω be a non-

negative real function on E with ωj := ω(Sj).

Let x0 ∈ {−1, 1} be a reference variable. Let (V1, V2) be a cut of H such

that ||V1| − |V2|| ≤ u. For each vertex i, let xi = x0 if i ∈ V1 and otherwise let

xi = −x0. Then

|
m∑
i=1

x0xi| = |
m∑
i=1

xi| = ||V1| − |V2|| ≤ u;

so (
m∑
i=1

xi

)2

≤ u2 and − u ≤
m∑
i=1

x0xi ≤ u.

Also note that ⎛⎝∑
i∈Sj

xi

⎞⎠2

= |Sj |+ 2
∑

i<k∈Sj

xixk,

which implies ∑
i<k∈Sj

xixk ≥ −�|Sj|/2�,

since |∑i∈Sj
xi| ≥ 1 when |Sj | is odd.

Let zj = 1 if Sj is in the cut (V1, V2), and let zj = 0 otherwise. Then the

total weight of the cut is

ω(V1, V2) =

n∑
j=1

ωjzj.

Note that if xi = xk for all i, k ∈ Sj, i.e., zj = 0, then
∑

i<k∈Sj
(1−xixk)/2 = 0,

and if xi �= xk for some i, k ∈ Sj, i.e., zj �= 0, then
∑

i<k∈Sj
(1 − xixk)/2 ≥

t(|Sj | − t) for some 1 ≤ t ≤ |Sj | − 1 (so t(|Sj| − t) ≥ |Sj | − 1); hence

1

|Sj | − 1

∑
i<k∈Sj

1− xixk
2

≥ zj .
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Thus MHC-LU can be formulated as the following quadratic integer pro-

gram.

ωopt = max
n∑

j=1

ωjzj

s.t.
1

|Sj| − 1

∑
i<k∈Sj

1− xixk
2

≥ zj for all Sj ∈ E (4.1)

∑
1≤i,k≤m

xixk ≤ u2 (4.2)

−u ≤
∑

1≤i≤m

x0xi ≤ u (4.3)

∑
i<k∈Sj

xixk ≥ −�|Sj |/2� for all Sj ∈ E (4.4)

xi ∈ {−1, 1}, for i = 0, 1, 2, ...,m

zj ∈ {0, 1}, for j = 1, ..., n

As mentioned in the introduction, Max Set Splitting is the restricted ver-

sions of MHC-LU. We note that constraint (4.1) is used in Andersson and

Engebretsen [11] for Max Set Splitting. Constraint (4.2) is the limited unbal-

ance constraint used in Galbiati and Maffioli [53] for MC-LU. Constraint (4.4)

is used in Zhang et al. [143] to strengthen the SDP relaxation in [11] for Max

Set Splitting. Note that constraint (4.3) is not used in [53]. Although con-

straint (4.3) is implied by constraint (4.2), its corresponding constraint (4.8)

in our SDP relaxation below, is not implied by constraint (4.7) (correspond-

ing to constraint (4.2) above); and we also add further triangle inequalities

(4.10) and (4.11) which were first used by Feige and Goemans [45] to im-

prove the performance ratio of the approximation algorithms for Max 2SAT

and Max DICUT. The triangle constraints (4.10) and (4.11) does not appear

in the relaxation presented in [11] and [143] for Max Set Splitting. So with

constraints (4.8), (4.10) and (4.11) the following SDP relaxation strengthens

the SDP relaxations in [53], [11] and [143] for MC-LU and Max Set Splitting,

respectively.
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The SDP relaxation of the above quadratic integer program becomes:

ωSDP : = max

n∑
i=1

ωjzj (4.5)

s.t.
1

|Sj | − 1

∑
i<k∈Sj

1−Xik

2
≥ zj for all Sj ∈ E (4.6)

∑
1≤i,k≤m

Xik ≤ u2 (4.7)

−u ≤
∑

1≤i≤m

X0i ≤ u (4.8)

∑
i<k∈Sj

Xik ≥ −�|Sj|/2� for all Sj ∈ E (4.9)

−X0i −X0k +Xik ≥ −1 for 1 ≤ i ≤ k ≤ m (4.10)

Xik +Xil +Xkl ≥ −1 for 0 ≤ i ≤ k ≤ l ≤ m (4.11)

Xii = 1 for i = 0, 1, ...,m

X � 0

0 ≤ zj ≤ 1 for j = 1, 2, ..., n

where X � 0 means that the (n+1)× (n+1) symmetric matrix X is positive

semidefinite.

Throughout the chapter, ω(V1, V \V1) denotes the weight of the cut (V1, V \
V1), and τ = u/m denotes the unbalance parameter. We now present an SDP-

based approximation algorithm for MHC-LU as follows.

SDP-algorithm for MHC-LU:

Step 1. Solve problem (4.5) to obtain an almost optimal positive semidefinite

matrix X∗ and a vector z∗. Apply a Cholesky decomposition to X∗,

X∗ = v · vT , to obtain column vectors (v∗0 , v
∗
1 , · · ·, v∗m) of v. For a given

0 < ε < 1, repeat the following steps K = O((1/ε) log(1/ε)) times, and

output the best set V 1.

Step 2. Choose two rotation coefficients 0 < θ, θ′ ≤ 1, and a probability

0 ≤ ν ≤ 1. Construct two sets of unit vectors (v0, v1, · · ·, vm) and

(v′0, v
′
1, · · ·, v′m) such that vi · vj = θv∗i · v∗j , and v′i · v′j = θ′v∗i · v∗j for every



An approximation algorithm for max hypergraph cut with limited unbalance 55

0 ≤ i < j < m. Goto Step 3 with probability ν, and independently goto

Step 4 with probability 1− ν.

Step 3. Choose a random vector r and for 0 ≤ i ≤ m let x̂i = 1 if vi · r ≥ 0,

and x̂i = −1 otherwise. Set V̂1 = {i : x̂i = x̂0}. Goto Step 5.

Step 4. For each i ∈ V , put i in V̂1, with probability (1 + v′0 · v′i)/2, and

independently in V \ V̂1 with probability (1− v′0 · v′i)/2.

Step 5. Given 0 ≤ p ≤ 1/2, each element in V̂1 or in V \ V̂1 has a probability

of p of being assigned to the opposite subset, independently. This gives

a new partition (V1, V \ V1) of V . Let

Ṽ1 =

⎧⎨⎩ V1, if |V1| ≥ m/2,

V \ V1, otherwise.

If |Ṽ1| ≤ (m+ u)/2, let V 1 = Ṽ1, else goto Step 6.

Step 6. Let Ṽ1 = {1, 2, · · ·, T}. For each 1 ≤ t ≤ T , define B(t) := {Sj : t ∈
Sj ∩ Ṽ1 �= ∅ and Sj ∩ (V \ Ṽ1) �= ∅}. Set

c(t) :=
∑

Sj∈B(t)

wj

|Sj ∩ Ṽ1|

as the contribution of vertex t to the weight of the cut (Ṽ1, V \ Ṽ1).

Assume without loss of generality that c(1) ≤ · · · ≤ c(T ). Let V 1 =

Ṽ1 \ {1, 2, · · ·, T − (m+ u)/2}.

Note that if we set θ = 1 in Step 2, the technique of randomized rounding

in Step 3 is the hyperplane rounding due to Goemans and Williamson [57].

The technique of outward rotations used in Step 3 is a way of combining the

classical hyperplane rounding method with independent random choice which

was used in [49,115,138,148].

If we set θ′ = 1 in Step 2, the technique of randomized rounding in Step 4 is

the linear randomized rounding due to Halperin and Zwick [70]. In Step 4, we
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combine the linear randomized rounding method with independent random

choice by using a new rotation parameter θ′. It turns out that we achieve

better performance ratios by combining the outward rotations of the random

hyperplane rounding procedure with that of the linear randomized rounding

procedure for MHC-LU when the minimum number of vertices in a hyperedge

is 3. We point out that V̂1 in Step 3 and Step 4 is only introduced for the

rounding analysis in the next Section.

The first part of Step 5 is a probabilistic postprocessing step, which per-

turbs the initial partition (V̂1, V \ V̂1) obtained in Step 3 or Step 4 to construct

a new partition (V1, V \ V1) correspondingly.

Step 6 adjusts the size of the sets in a partition to satisfy the limited

unbalance constraint. We have the following lemma.

Lemma 4.1.1. ω(V 1, V \V 1) ≥ m+u
2T ω(Ṽ1, V \ Ṽ1) if T > m+u

2 , and ω(V 1, V \
V 1) = ω(Ṽ1, V \ Ṽ1) otherwise.

Proof. Step 6 reduces the number of vertices in Ṽ1 to (m + u)/2 by moving
from Ṽ1 to V \Ṽ1 the T − (m + u)/2 vertices with the smallest contributions
to the cut. (Note that the condition ||V2| − |V1|| ≤ u may be written as
m−u
2 ≤ |Vi| ≤ m+u

2 for i = 1, 2.) Observe that ω(Ṽ1, V \ Ṽ1) =
∑T

t=1 c(t).
Moreover, the construction of V 1 guarantees that

ω(V 1, V \ V 1)

(m+ u)/2
≥
∑T

t=T−(m+u)/2+1 c(t)

(m+ u)/2
≥
∑T

t=1 c(t)

T
=

ω(Ṽ1, V \ Ṽ1)

T
,

where the first inequality follows from definition of V1, and the second in-
equality holds because the average over the largest numbers of a sequence
is at least the average over the entire sequence. Therefore, ω(V 1, V \ V 1) ≥
m+u
2T ω(Ṽ1, V \Ṽ1) if T > m+u

2 , and ω(V 1, V \V 1) = ω(Ṽ1, V \Ṽ1) otherwise.

To analyze the quality of the SDP approximation algorithm, we need to

establish a lower bound on E[ω(V1, V \ V1)]/ω
opt. By Lemma 4.1.1, we then

wish to establish a lower bound on E[m+u
2T ·ω(Ṽ1, V \ Ṽ1)]/ω

opt which is also a

lower bound on E[ω(V1, V \V1)]/ω
opt. However, it is not easy to calculate the

expected value of m+u
2T · ω(Ṽ1, V \ Ṽ1), since both m+u

2T and ω(Ṽ1, V \ Ṽ1) are

random variables and they are multiplied together where T = |Ṽ1|. Instead, we
study a family of random variables Z(γ) whose expected values can be easily
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estimated and bounded, an idea first used by Frieze and Jerrum [52] for Max

Bisection and extended in [49, 70, 71, 138]. For fixed values τ = u/m ∈ [0, 1]

and γ > 0,

Z(γ) =
ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

.

Whenever Z(γ) fulfills its expectation, ( i.e., Z(γ) ≥ α(p) + γβ − o(1) (see

the last Section)), we have m+u
2T · ω(Ṽ1, V \ Ṽ1) ≥ R(τ) · ωopt which establishes

a performance ratio R(τ) of the SDP approximation algorithm in the last

Section. Therefore, the aim of the following sections (except the last one) is

to give bounds on E[ω(Ṽ1, V \ Ṽ1)] and E[|Ṽ1|(m − |Ṽ1|]. These bounds will

be used in the last Section to give bounds on E[Z(γ)] and then to obtain the

performance ratio R(τ).

4.2 Bound on the expected contribution of an edge

by Steps 1-4

To obtain the bound on E[ω(Ṽ1, V \ Ṽ1)] in terms of the maximum value ωopt,

we need to establish the bound on the expected contribution of an edge by

executing Steps 1-4. Note that we have an initial cut (V̂1, V \ V̂1) of H by

executing Steps 1-4. An edge Sj is in this cut if there exists i, k ∈ Sj such

that i ∈ V̂1 and k ∈ V̂2 := V \ V̂1. The indicator random variables X̂ik and

Û(Sj) are defined as

X̂ik =

⎧⎨⎩ −1, if i ∈ V̂i and k ∈ V \ V̂i, for i = 1, 2,

1, otherwise.

Û(Sj) =

⎧⎨⎩ 1, if Sj ∈ (V̂1, V \ V̂1),

0, otherwise.

From [57, 148], we have the following equality if the algorithm executes

Step 3,

E[X̂ik] = (2/π) arcsin(θX∗
ik),

where X∗, z∗ is an optimal solution of (4.5).
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If the algorithm executes Step 4, it is easily seen that

E[X̂ik] = (−1) ·
(
1 + θ′X∗

0i

2
· 1− θ′X∗

0k

2
+

1− θ′X∗
0i

2
· 1 + θ′X∗

0k

2

)
+

(+1)

(
1 + θ′X∗

0i

2
· 1 + θ′X∗

0k

2
+

1− θ′X∗
0i

2
· 1− θ′X∗

0k

2

)
= θ′2X∗

0iX
∗
0k.

Hence, from Steps 1-4, we have

E[X̂ik] = ν(2/π) arcsin(θX∗
ik) + (1− ν)θ′2X∗

0iX
∗
0k,

The main objective here is to establish a lower bound on the expected

contribution of an individual edge to the cut before executing Step 5. More

precisely, we show that for any fixed s � 2 and s ∈ N there exists a constant

αs > 0 such that for each Sj ∈ E with |Sj| = s we have E[Û(Sj)] ≥ αsz
∗
j .

For convenience let S := Sj be an edge of H belonging to (V̂1, V \ V̂1).

For the same reason as for constraint (4.4),
∑

i<k∈S X̂ik =
∑

i<k∈S x̂ix̂k ≥
−�|S|/2�. So

∑
i<k∈S

1− X̂ik

2
≤ (1/2)

[(|S|
2

)
+ �|S|/2�

]

≤ L :=

⎧⎨⎩ |S|2/4, if |S| is even,
(|S|+ 1)(|S| − 1)/4, otherwise.

By the definition of Û(S), it follows that
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E[Û(S)] ≥ 1

L
E

[ ∑
i<k∈S

1− X̂ik

2

]

=
∑

i<k∈S

1− E[X̂ik]

2L

= f̂∗ (4.12)

:=
∑

i<k∈S

1−
(
ν(2/π) arcsin(θX∗

ik) + (1− ν)θ′2X∗
0iX

∗
0k

)
2L

.(4.13)

It suffices to show that when z∗j > 0, there exists a constant α|S| > 0

(dependent only on |S|) such that

f̂∗/z∗j ≥ α|S|.

If |S| = 2, then L = 1 and

f̂∗/z∗j =
1−
(
ν(2/π) arcsin(θX∗

ik) + (1− ν)θ′2X∗
0iX

∗
0k

)
2z∗j

≥ ν (1− (2/π) arcsin(θX∗
ik)) + (1− ν)(1 − θ′2X∗

0iX
∗
0k)

2
1−X∗

ik

2

≥ α2 := min
−1≤X<1,−1≤Y≤1

ν (1− (2/π) arcsin(θX)) + (1− ν)(1− θ′2Y )

1−X
,

where the first inequality holds in view of z∗j ≤ 1−X∗
ik

2 by (4.6) and the last

inequality holds because we assume z∗j > 0 (so −1 ≤ X∗
ik < 1) and −1 ≤

X∗
0iX

∗
0k ≤ 1. We now define

α2 := min
−1≤X<1,−1≤Y≤1

ν (1− (2/π) arcsin(θX)) + (1− ν)(1− θ′2Y )

1−X
.(4.14)

When θ = 1 and ν = 1, α2 was calculated by Goemans and Williamson [57]

to obtain a 0.878 approximation result for Max Cut.

Next, we consider the case when |S| ≥ 3. For our purpose, we fix parame-

ters θ, θ′ ∈ (0, 1] and ν ∈ [0, 1]. Let N|S| = |S|(|S| − 1)/2, I = [−�|S|/2�, N|S|)
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and I ′ = [−|S|/2, N|S|]. For −1 ≤ X0i,X0k,Xik ≤ 1 which satisfy the

triangle inequalities (4.10) and (4.11), we put λ =
∑

i<k∈S Xik and λ′ =∑
i<k∈S X0iX0k. Let

z′(λ) = min{1, N|s|−λ

2(|S|−1)},

h1(λ) =
∑

i<k∈S 1− (2/π) arcsin(θXik), where λ ∈ I,

h2(λ
′) =

∑
i<k∈S(1− θ′2X0iX0k), where λ′ ∈ I ′.

Moreover, let α|S| = minλ∈I,λ′∈I′ α|S|(λ, λ
′), where α|S|(λ, λ

′) =

(νh1(λ) + (1− ν)h2(λ
′)) /(2Lz′(λ)). Then

Lemma 4.2.1. f̂∗/z∗j ≥ α|S|.

Proof. Let λ∗ =
∑

i<k∈S X
∗
ik. By the constraints (4.6), (4.9) and the assump-

tion z∗j > 0, we have

−�|S|/2� ≤ λ∗ ≤ N|S| − 2z∗j (|S| − 1) < N|S|

and

z∗j ≤ min

{
1,

1

|S| − 1

∑
i<k∈S

1−X∗
ik

2

}
= min

{
1,

N|S| − λ∗

2(|S| − 1)

}
= z′(λ∗).(4.15)

Moreover, let λ′∗ =
∑

i<k∈S X
∗
0iX

∗
0k, then we have

−|S|/2 ≤ λ′∗ ≤ N|S|,

since
(∑

i∈S X∗
0i

)2 ≤ |S|+ 2
∑

i<k∈S X∗
0iX

∗
0k, and −1 ≤ X∗

0i ≤ 1 for i ∈ S.

From (4.13) and (4.15), we find

f̂∗/z∗j ≥
∑

i<k∈S

ν (1− (2/π) arcsin(θX∗
ik)) + (1− ν)(1− θ′2X∗

0iX
∗
0k)

2Lz′(λ∗)

≥ min
λ∗=

∑
i<k∈S Xik ,λ′∗=

∑
i<k∈S X0iX0k

α|S|(λ
∗, λ′∗)

≥ min
λ∈I,λ′∈I ′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

α|S|(λ, λ
′)

= α|S|,

where again −1 ≤ Xik,X0i,X0k ≤ 1 satisfy the triangle inequalities.
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Since E[Û (S)] ≥ f̂∗ ≥ α|S|z
∗
j if z∗j = 0, we have by Lemma 4.2.1

Theorem 4.2.2. The expected contribution of the edge Sj to the cut gener-
ated by executing Steps 1-4 of our algorithm satisfies

E[Û(Sj)] ≥ α|Sj |z
∗
j .

To establish the bound on the expected contribution of an edge after

executing Step 5, we need to compute α|S| efficiently. However, it is not

easy to compute it directly. Therefore we strive to provide a good lower

bound for α|S|. The key to establish the lower bound on α|S| is to ob-

tain a lower bound on h1(λ) for λ ∈ I first, since it is easy to calculate

h2(λ
′) =

∑
i<k∈S(1− θ′2X0iX0k) = N|S| − θ′2λ′ for λ′ =

∑
i<k∈S X0iX0k ∈ I ′.

A lower bound on h1(λ) is obtained by applying the following lemma which has

already been proven in [70] using the definitions of concavity and convexity.

Lemma 4.2.3. Given θ ∈ (0, 1], define

d(x) = 1− (2/π) arcsin(θx).

Then d(x) is convex in [−1, 0] and concave in [0, 1]. Therefore, d(x′)+ d(y′) ≤
d(x) + d(y) for −1 ≤ x ≤ x′ ≤ y′ ≤ y ≤ 0 with x + y = x′ + y′, and
d(x) + d(y) ≤ d(x′) + d(y′) for 0 ≤ x ≤ x′ ≤ y′ ≤ y ≤ 1 with x+ y = x′ + y′.

With the definition of d(x) in the above lemma, it is easily seen that

h1(λ) ≥ h′1(λ) := min
∑

i<k∈S

d(Xik), (4.16)

where the minimum is taken over all X such that λ =
∑

i<k∈S Xik, and −1 ≤
Xik ≤ 1 for 1 ≤ i < k ≤ |S|.

Let X = (Xij) be a minimum solution to (4.16). Since d(x) is convex

in [−1, 0] and concave in [0, 1] by Lemma 4.2.3, we may choose a minimum

solution X to (4.16) so that at most one entry of X belongs to (0, 1) and all

entries of X in [−1, 0] are equal. This nice structural property of the minimum

solution helps us calculate h′1(λ) easily.

To derive a lower bound on α|S|, we need the following lemma. Let N =
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(|S| − 4)(|S| − 1)/2, N be a nonnegative integer and

f1(x,N) = N|S| +N(2/π) arcsin(θ)− (N|S| −N − 1)(2/π) arcsin(θ)−
(2/π) arcsin

(
θ(x−N|S| + 2N + 1)

)
,

f2(x,N) = N|S| − (N|S| −N)(2/π) arcsin(θ)−N(2/π) arcsin(θx),

l1 = min
N∈[0,N|S|−1]

{ min
λ∈I(N),λ∈I ′

[νf1(λ,N) + (1− ν)h2(λ
′)]}

where I(N) = [−�|S|/2�, N ] ∩ (N|S| − 2N − 1, N|S| − 2N),

l2 = min
N∈[1,N|S|]

{ min
λ∈J(N),λ′∈I′

[νf2

(
λ− (N|S| −N)

N
,N

)
+ (1− ν)h2(λ

′)]}

where J(N) = [−�|S|/2�, N ] ∩ [N|S| − 2N,N|S| −N ],

l3 = min
N∈[0,N|S|−1]

{ min
λ∈K(N),λ′∈I′

νf1(λ,N) + (1− ν)h2(λ
′)

N|S| − λ
}

where K(N) = [N,N|S|) ∩ (N|S| − 2N − 1, N|S| − 2N),

l4 = min
N∈[1,N|S|]

{ min
λ∈M(N),λ′∈I′

νf2

(
λ−(N|S|−N)

N , N
)
+ (1− ν)h2(λ

′)

N|S| − λ
}

where M(N) = [N,N|S|) ∩ [N|S| − 2N,N|S| −N ].

Lemma 4.2.4. Given fixed parameters θ, θ′ ∈ (0, 1] and ν ∈ [0, 1], we have

α|S| = min
λ∈I,λ′∈I′

α(λ, λ′) ≥ min{ 1

2L
l1,

1

2L
l2,

|S| − 1

L
l3,

|S| − 1

L
l4}.

where again λ =
∑

i<k∈S Xik, λ
′ =
∑

i<k∈S X0iX0k, and −1 ≤ X0i,X0k,Xik ≤
1 satisfy the triangle inequalities.

Proof. First, we show that one can choose a minimum solution X to (4.16)
(in Section 3) so that at most one entry of X belongs to (0, 1) and all entries
of X in [−1, 0] are equal. Let X = (Xij) be a minimum solution to (4.16). By
Lemma 4.2.3, d(x) is convex in [−1, 0] and concave in [0, 1].

Then we may choose a minimum solution X to (4.16) so that at most one
entry of X belongs to (0, 1). For, suppose Xik < Xst and Xik,Xst ∈ (0, 1). Let
ε = min{1−Xst,Xik}. By Lemma 4.2.3, replacingXik,Xst withXik−ε,Xst+ε,
respectively, does not increase

∑
i<k∈S d(Xik) (while maintaining the equation

constraint). So we obtain a new minimum solution to (4.16) with fewer entries
in (0, 1). Continuing this process, we arrive at the desired solution X.
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We may further choose X so that all entries of X in [−1, 0] are equal.
For, let Xik,Xst ∈ [−1, 0] with Xik < Xst. Now replacing Xik and Xst with
(Xik+Xst)/2 we obtain a minimum solution to (4.16) with smaller number of
pairs of non-equal entries of X in [−1, 0]. Continuing this process, we obtain
the desired X.

If there is some entry Xpq ∈ (0, 1), we claim that all other entries of X
must be in {−1, 1}. For, otherwise, let Xpq ∈ (0, 1) and assume that there are
some entries of X in (−1, 0] (which must be equal by the choice of X above).
Since X is a minimum solution to (4.16), every Xik ∈ (−1, 1) must satisfy
the Karush-Kuhn-Tucker condition: there exists a Lagrange multiplier t for
the equality constraint λ =

∑
i<k∈S in (4.16) such that every Xik ∈ (−1, 1)

satisfies

−2θ/(π
√

1− (θXik) = t.

So

Xik = (±
√

1− (2θ/πt)2)/θ. (4.17)

Now suppose Xst ∈ (−1, 0]. Then Xst < Xpq and both Xst and Xpq be-
long to (−1, 1). Therefore, we have Xst = (−

√
1− (2θ/πt)2)/θ, Xpq =

(
√

1− (2θ/πt)2)/θ, and

1− (2θ/πt)2 > 0. (4.18)

Then

d(Xst) + d(Xpq)

= 1− (2/π) arcsin(θXst) + 1− (2/π) arcsin(θXpq)

= 1− (2/π) arcsin(−θ
√
1− (2θ/πt)2) + 1− (2/π) arcsin(θ

√
1− (2θ/πt)2)

= 2− 2 · (2/π) arcsin(0)
= 2 · d(0).

By replacing both Xst and Xpq with 0 and keeping all other entries of X
unchanged, we obtain a new minimal solution with some entries in (−1, 1)
not satisfying (4.17) and (4.18), a contradiction. Thus, if there is some entry
Xpq ∈ (0, 1), then all other entries of X must be in {−1, 1}.

The above properties of the minimum solution will help us calculate h′1(λ)
(in (4.16)) and then obtain a lower bound on α|S|. Recall that z′(λ∗) =

min{1, N|S|−λ∗

2(|S|−1)} from (4.15) in the proof of Lemma 4.2.1. So z′(λ∗) = 1 when
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λ∗ ∈ I1 := [−�|S|/2�, N ], where N = (|S|−4)(|S|−1)/2; and z′(λ∗) =
N|s|−λ∗

2(|S|−1)

when λ∗ ∈ I2 := [N,N|S|), where N|S| = |S|(|S| − 1)/2. To obtain a lower
bound on α|S|, we next distinguish two cases.

Subcase 2.1. λ∗ ∈ I1. In this case we have z′(λ∗) = 1.

From the proof of Lemma 4.2.1, it follows

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

α|S|(λ
∗, λ′∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

(νh1(λ
∗) + (1− ν)h2(λ

′∗))/(2Lz′(λ∗))

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S(X0iX0k)

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))(2L),

where −1 ≤ Xik,X0i,X0k ≤ 1 satisfy the triangle inequalities.

From (4.16), we have

h′1(λ
∗) = min

∑
i<k∈S

d(Xik), (4.19)

where the minimum is taken over all X such that λ∗ =
∑

i<k∈S Xik, and
−1 ≤ Xik ≤ 1 for 1 ≤ i < k ≤ |S|.

As above, we may choose a minimum solution X to (4.19) so that at most
one entry of X belongs to (0, 1) and all entries of X in [−1, 0] are equal, and
if some entry Xpq ∈ (0, 1) then all other entries of X are in {−1, 1}. Thus,
there exists a nonnegative integer N1 ∈ [0, N|S| − 1] such that

λ∗ = N1(−1) +Xpq + (N|S| −N1 − 1).

Note that N1 �= N|S| (because of Xpq ). Since Xpq ∈ (0, 1), λ ∈ I(N1) :=
I1∩ (N1(−1)+0+(N|S|−N1−1), N1(−1)+1+(N|S|−N1−1)) = I1∩ (N|S|−
2N1 − 1, N|S| − 2N1). By definitions of h′1(λ

∗) and d(x), we have

h′1(λ
∗) = N|S| −N1(2/π) arcsin(θ(−1))− (N|S| −N1 − 1)(2/π) arcsin(θ)

−(2/π) arcsin(θXpq)

= N|S| +N12/π arcsin(θ)− (N|S| −N1 − 1)2/π arcsin(θ)

−2/π arcsin(θ(λ∗ +N1 − (N|S| −N1 − 1)))

= f1(λ
∗, N1).
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It is easily seen that

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik ,λ′∗=

∑
i<k∈S X0iX0k

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))/(2L),

= min
λ∗=

∑
i<k∈S Xik ,λ′∗=

∑
i<k∈S X0iX0k

(νf1(λ
∗, N1) + (1− ν)h2(λ

′∗))/(2L),

≥ min
λ∈I(N1),λ′∈I′

min
λ=

∑
i<k∈S Xik ,λ′=

∑
i<k∈S X0iX0k

{νf1(λ,N1)

+(1− ν)h2(λ
′)}/(2L),

≥ 1

2L
min

N∈[0,N|S|−1]
{ min
λ∈I(N),λ′∈I′

[νf1(λ,N) + (1− ν)h2(λ
′)]}

=
1

2L
l1.

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 ≤ Xik,X0i,X0k ≤ 1

satisfy the triangle inequalities.

Now assume that there is no entry Xpq ∈ (0, 1). Then by the choice of X
as above, except the entries which are equal to 1, all other entries of X are in
[−1, 0] and equal. Let Xik ∈ [−1, 0] be an arbitrary entry of X. Then there
exists a nonnegative integer N ′

1 ∈ [1, N|S|] such that

λ∗ = N ′
1Xik + (N|S| −N ′

1).

Note that N ′
1 �= 0, since λ∗ < N|S|. Since Xik ∈ [−1, 0], we have λ∗ ∈ J(N ′

1) :=
I1∩[N ′

1(−1)+(N|S|−N ′
1), N|S|−N ′

1] = I1∩[N|S|−2N ′
1, N|S|−N ′

1]. By definitions
of h′1(λ

∗) and d(x), we find

h′1(λ
∗) = N|S| −N ′

1(2/π) arcsin(θXik)− (N|S| −N ′
1)(2/π) arcsin(θ)

= N|S| −N ′
1(2/π) arcsin

(
θ
(λ∗ − (N|S| −N ′

3))

N ′
1

)
−(N|S| −N ′

1)(2/π) arcsin(θ)

= f2

(
λ∗ − (N|S| −N ′

1)

N ′
1

, N ′
1

)
.
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Thus,

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))/(2L),

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k(

νf2

(
λ∗ − (N|S| −N ′

1)

N ′
1

, N ′
1

)
+ (1− ν)h2(λ

′∗)

)
/(2L),

≥ min
λ∈J(N ′

1),λ
′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k(

νf2

(
λ− (N|S| −N ′

1)

N ′
1

, N ′
1

)
+ (1− ν)h2(λ

′)

)
/(2L),

≥ min
N∈[1,N|S|]{

min
λ∈J(N),λ′∈I′

(
νf2

(
λ− (N|S| −N)

N
,N

)
+ (1− ν)h2(λ

′)

)}
/(2L)

=
1

2L
l2.

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 ≤ Xik,X0i,X0k ≤ 1

satisfy the triangle inequalities.

Subcase 2.2. λ∗ ∈ I2. In this case, we have z′(λ∗) =
N|s|−λ∗

2(|S|−1) .

From the proof of Lemma 4.2.1, we have

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

α|S|(λ
∗, λ′∗)

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh1(λ
∗) + (1− ν)h2(λ

′∗))/(2Lz′(λ∗))

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))
|S| − 1

L(N|S| − λ∗)
,

where −1 ≤ Xik,X0i,X0k ≤ 1 satisfy the triangle inequalities.

Similarly, we may choose a minimum solution X to (4.19) so that at most
one entry of X belongs to (0, 1) and all entries of X in [−1, 0] are equal, and
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if some entry Xpq ∈ (0, 1) then all other entries of X are in {−1, 1}. Thus in
this case there exists a nonnegative integer N2 ∈ [0, N|S| − 1] such that

λ∗ = N2(−1) +Xpq + (N|S| −N2 − 1).

Note that N2 �= N|S| (because of Xpq). Since Xpq ∈ (0, 1), it follows λ∗ ∈
K(N2) := I2 ∩ (N2(−1) + N|S| − N2 − 1, N2(−1) + 1 + N|S| − N2 − 1) =
I2 ∩ (N|S| − 2N2 − 1, N|S| − 2N2). By definitions of h′1(λ

∗) and d(x), we have

h′1(λ
∗) = N|S| −N2(2/π) arcsin(θ(−1))− (N|S| −N2 − 1)(2/π) arcsin(θ)

−(2/π) arcsin(θXpq)

= N|S| +N2(2/π) arcsin(θ)− (N|S| −N2 − 1)(2/π) arcsin(θ)

−(2/π) arcsin(θ(λ∗ +N2 − (N|S| −N2 − 1))),

= f1(λ
∗, N2).

It is easily seen that

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))
|S| − 1

L(N|S| − λ∗)
,

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νf1(λ
∗, N2) + (1− ν)h2(λ

′∗))
|S| − 1

L(N|S| − λ∗)
,

≥ min
λ∈K(N2),λ′∈I ′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

(νf1(λ,N2) + (1− ν)h2(λ
′))

|S| − 1

L(N|S| − λ)
,

≥ |S| − 1

L
min

N∈[0,N|S|−1]
{ min
λ∈K(N),λ′∈I ′

νf1(λ,N) + (1− ν)h2(λ
′)

N|S| − λ
}

=
|S| − 1

L
l3.

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 ≤ Xik,X0i,X0k ≤ 1

satisfy the triangle inequalities.

Now assume that there is no entry Xpq ∈ (0, 1). Then by the choice of X,
except the entries which are equal to 1, all other entries of X are in [−1, 0]
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and equal. Let Xik ∈ [−1, 0] be an arbitrary entry of X. Hence there exists a
nonnegative integer N ′

2 ∈ [1, N|S|] such that

λ∗ = N ′
2Xik + (N|S| −N ′

2).

Note that N ′
2 �= 0 because λ∗ < N|S|. Since Xik ∈ [−1, 0], it follows λ∗ ∈

M(N ′
2) := I2∩ [N ′

2(−1)+(N|S|−N ′
2), N|S|−N ′

2] = I2∩ [N|S|−2N ′
2, N|S|−N ′

2].
By definitions of h′1(λ

∗) and d(x), we have

h′1(λ
∗) = N|S| − (N|S| −N ′

2)(2/π) arcsin(θ)−N ′
2(2/π) arcsin(θXik)

= N|S| − (N|S| −N ′
2)(2/π) arcsin(θ)

−N ′
2(2/π) arcsin

(
θ(λ∗ − (N|S| −N ′

2))

N ′
2

)
= f2

(
λ∗ − (N|S| −N ′

2)

N ′
2

, N ′
2

)
.

Hence,

f̂∗/z∗j

≥ min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k

(νh′1(λ
∗) + (1− ν)h2(λ

′∗))
|S| − 1

L(N|S| − λ∗)
,

= min
λ∗=

∑
i<k∈S Xik,λ′∗=

∑
i<k∈S X0iX0k(

νf2

(
λ∗ − (N|S| −N ′

2)

N ′
2

, N ′
2

)
+ (1− ν)h2(λ

′∗)

) |S| − 1

L(N|S| − λ∗)
,

≥ min
λ∈M(N ′

2),λ
′∈I′

min
λ=

∑
i<k∈S Xik,λ′=

∑
i<k∈S X0iX0k

{νf2
(
λ− (N|S| −N ′

2)

N ′
2

, N ′
2

)
+(1− ν)h2(λ

′)} |S| − 1

L(N|S| − λ)
,

≥ |S| − 1

L
min

N∈[1,N|S|]

⎧⎨⎩ min
λ∈M(N),λ′∈I′

νf2

(
λ−(N|S|−N)

N ·N
)
+ (1− ν)h2(λ

′)

N|S| − λ

⎫⎬⎭
=

|S| − 1

L
l4.

where λ =
∑

i<k∈S Xik, λ
′ =

∑
i<k∈S X0iX0k, and −1 ≤ Xik,X0i,X0k ≤ 1

satisfy the triangle inequalities.

Summing up, by the definition of α|S|, we have
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α|S| ≥ min{ 1

2L
l1,

1

2L
l2,

|S| − 1

L
l3,

|S| − 1

L
l4}.

Note that for any fixed |S| and nonnegative integer N , the quantities l1, l2,

l3 and l4 can be evaluated numerically. (For example, we used the optimization

toolbox of Matlab.)

It is easily seen that our scheme enumerates at most O(|S|2) nonnegative
integers N with N ≤ N|S| for calculating l1, l2, l3 or l4. We note that in

the case when |S| = 3, it is not hard to verify that α3 = 0.90871 by setting

θ = 0.9789 and ν = 1 which achieves the same bound as in Zwick [148] for

max E3-set splitting as mentioned in the Introduction.

4.3 Bounding E[ω(Ṽ1, V \ Ṽ1)] after Step 5

The aim of this section is to derive a bound on E[ω(Ṽ1, V \ Ṽ1)] in terms of

ωopt using the results in the previous section. After executing Step 5 in our

SDP-algorithm for MHC-LU, we have the second partition V = Ṽ1 ∪ (V \ Ṽ1).

Let Ũ(Sj) be an indicator random variable, defined as follows

Ũ(Sj) =

⎧⎨⎩ 1, if Sj ∈ (Ṽ1, V \ Ṽ1) ;

0, otherwise.

Recall the definition of α2 (see (4.14)) and from Lemma 4.2.1 the definition of

αs := α|S| (with |S| = s) in the previous section. For a suitable nonnegative

integer M ≥ 4 and for any integer s with 2 ≤ s < M , let

rs(p) = αs(1− p(1− p)s−1 − ps−1(1− p)) + (1− αs)(1− ps − (1− p)s) and

rM (p) = 1− pM − (1− p)M .

Note that p is the probability used in Step 5. The following lemma is due

to Andersson and Engebretsen [11], who also used the first part of Step 5 as a
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probabilistic postprocessing step to perturb an initial partition to a new one

in their algorithm for Max Set Splitting.

Lemma 4.3.1. For any integer M ≥ 4 and any |Sj | ≥ 2,

E[Ũ(Sj)] ≥
{

r|Sj |(p)z
∗
j , if |Sj| < M ;

rM (p), otherwise.

As an immediate consequence, we have

Corollary 4.3.2. For any integer M ≥ 4 and any real number 0 ≤ p ≤ 1/2,∑
{j:|Sj |≥2}

ωjE[Ũ(Sj)] ≥
∑

{j:2≤|Sj|<M}

ωjr|Sj |(p)z
∗
j +

∑
{j:|Sj |≥M}

ωjrM (p).

Let α(p) = min2≤s≤M rs(p). Recall that ω
SDP =

∑
j ωjz

∗
j ≥ max

∑
j ωjzj =

ωopt. So we have the following lower bound on E[ω(Ṽ1, V \ Ṽ1)].

Corollary 4.3.3. For any integer M ≥ 4 and any real number 0 ≤ p ≤ 1/2,

E[ω(Ṽ1, V \ Ṽ1)] =
∑

{j:|Sj|≥2}

ωjE[Ũ(Sj)]

≥
∑

{j:2≤|Sj|<M}

ωjr|Sj |(p)z
∗
j +

∑
{j:|Sj |≥M}

ωjrM (p)z∗j

≥ α(p)ωSDP

≥ α(p)ωopt.

For the hyperedge Sj with size |Sj| = 2, the ratio r2(p) can be im-

proved due to the following lemma given by Zhang et. al [143]. Let ϕθ(t) =

(1/π) arccos(θ(1 − 2t)) and let γθ be the minimizer of ϕθ(t)/t in the interval

(0, 1]. By setting x = 1− 2t one can show (see [57]) that

ϕθ(γθ)

γθ
= min

−1≤x<1

1− (2/π) arcsin(θx)

1− x
.

If the algorithm executes Step 3 and Step 5 which are also used in [143]

(for Max Set Splitting), Zhang et. al [143] give an improved bound on the

contribution to ω(Ṽ1, V \ Ṽ1) of the size 2 edges (in terms of their contribution

to the objective function) as follows.
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Lemma 4.3.4. For |Sj | = 2,

ωjE[Ũ(Sj)] ≥ min
γθ≤x≤1

ϕθ(x)(1− 2p)2 + (2p − 2p2)

x
ωjz

∗
j .

It is easily seen that r2(p) =
1−θ′2

2 (1− 2p)2 +(2p− 2p2) is the ratio for the

hyperedge with size Sj = 2 if the algorithm executes Step 4 and Step 5. This

follows by the definition of r2(p), since

min
−1≤X<1,−1≤Y≤1

1− θ′2Y

1−X
=

1− θ′2

2

is the bound on the expected contribution of an edge with size Sj = 2 by

executing Steps 1, Step 2 and Step 4 (see Section 3). Since our algorithm

executes independently Step 3 with probability ν, and Step 4 with probability

1− ν, we have

Corollary 4.3.5. For |Sj| = 2,

ωjE[Ũ(Sj)] ≥ ν min
γθ≤x≤1

ϕθ(x)(1− 2p)2 + (2p − 2p2)

x
ωjz

∗
j +

(1− ν)

(
1− θ′2

2
(1− 2p)2 + (2p − 2p2)

)
ωjz

∗
j .

We then let

r2(p) = ν min
γθ≤x≤1

ϕθ(x)(1− 2p)2 + (2p − 2p2)

x

+(1− ν)

(
1− θ′2

2
(1− 2p)2 + (2p − 2p2)

)
,

in the computation of α(p). Given θ, θ′, ν and M , for each 0 ≤ p ≤ 1/2, we

can compute (using the results in the previous section) the lower bounds on

α(p) which is the performance guarantee of the algorithm for MHC-LU when

τ = 1, i.e., max set splitting, by Corollary 4.3.3. For fast computations and

easy verifications of computational results, we only use the triangle inequali-

ties for computing α3 and α4 in the previous section and it is also sufficient

for us to fix M = 15 for obtaining the desired performance guarantee of our

algorithm from numerical results. We then obtain approximation ratio 0.7524
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for max set splitting by setting the other parameters θ = 0.967, p = 0.1 and

ν = 1 which improves the result 0.7499 in Zhang et al. [143]. The improve-

ment is a consequence of our strengthened SDP relaxation and the general-

ized formula for the performance ratio (see Lemma 4.2.4 ). If we instead use

α(p) = min3≤s≤M rs(p) by setting the parameters θ = 0.961, θ′ = 0.1, p = 0.1

and ν = 0.242, we then obtain an approximation ratio 0.7741 for max set

splitting when the minimum number of vertices in a hyperedge is 3. Our algo-

rithm of combining the outward rotations of the random hyperplane rounding

procedure with that of a linear randomized rounding procedure improves the

result 0.75 in Gaur and Krishnamurti [55].

4.4 Bounding E[|Ṽ1|(m− |Ṽ1|)]

We now proceed to establish a bound on E[|Ṽ1|(m− |Ṽ1|)], which will be used

in the next section to obtain the performance guarantee of our SDP algorithm

for MHC-LU when 0 ≤ τ < 1.

First, let X̃ij be an indicator random variable after the algorithm executes

Step 5, defined as (Ṽ2 := V \ Ṽ1)

X̃ij =

⎧⎨⎩ −1, if i ∈ Ṽi and k ∈ V \ Ṽi, for i = 1, 2,

1, otherwise.

We then have the following lemma if the algorithm executes Step 3 and Step

5.

Lemma 4.4.1.

E[X̃ij ] =

{
1, if i=j,
(2/π)(1 − 2p)2 arcsin(θX∗

ij), otherwise.

Proof. It is straightforward to see that if i = j, then E[X̃ij ] = 1. Now assume

i �= j. By Step 3 of our SDP algorithm in Section 2 and the definition of X̂ij

in Section 3, we have

Pr[X̃ij = −1|X̂ij = −1] = p2 + (1− p)2 = 1− 2p(1− p),

Pr[X̃ij = −1|X̂ij = 1] = 2p(1 − p) = 2p− 2p2,
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and

E[X̃ij |X̂ij ] = Pr[X̃ij = 1|X̂ij ]− Pr[X̃ij = −1|X̂ij ]

= 1− Pr[X̃ij = −1|X̂ij ]− Pr[X̃ij = −1|X̂ij ]

= 1− 2Pr[X̃ij = −1|X̂ij ].

From [57,148], we have

Pr(X̂ij = −1) = arccos(θX∗
ij)/π.

Thus,

E[X̃ij ] = Pr(X̂ij = −1)E[X̃ij |X̂ij = −1] + Pr(X̂ij = 1)E[X̃ij |X̂ij = 1]

= Pr(X̂ij = −1)(1 − 2Pr[X̃ij = −1|X̂ij = −1]) +

Pr(X̂ij = 1)(1 − 2Pr[X̃ij = −1|X̂ij = 1])

= Pr(X̂ij = −1)(4p − 4p2 − 1) + (1− Pr(X̂ij = −1))(1 − 4p + 4p2)

= (1− 2p)2(1− 2Pr(X̂ij = −1))

= (2/π)(1 − 2p)2(π/2− arccos(θX∗
ij))

= (2/π)(1 − 2p)2 arcsin(θX∗
ij).

Next, for 1 ≤ i ≤ m let p(i) be the probability of putting i into V1 if the

algorithm executes Step 4 and Step 5. We have the following lemma.

Lemma 4.4.2.

p(i) =
1 + (1− 2p)θ′X∗

0i

2
.

Proof. Recall that V̂1 is formed in Step 4 by adding, independently, each

1 ≤ i ≤ m with probability
1+θ′X∗

0i
2 , and V1 is constructed in Step 5 by in-

dependently perturbing each element of V̂1 with probability p to the opposite
subset and each element of the opposite subset to V̂1. It is easily seen that

p(i) =
1 + θ′X∗

0i

2
(1− p) +

1− θ′X∗
0i

2
p

=
1 + (1− 2p)θ′X∗

0i

2
.
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Recall that m is the number of vertices and τ = u/m is the unbalance

parameter. Let

χ = min
−1≤x<1

(2/π)(1 − 2p)2
arcsin(θ)− arcsin(θx)

1− x
,

ϕχ = 1− (2/π)(1 − 2p)2 arcsin(θ),

We can now present the bound on E(|Ṽ1|(m− |Ṽ1|)) as follows.

Lemma 4.4.3. For sufficiently large m,

E[|Ṽ1|(m− |Ṽ1|)] ≥
m2

4

(
ν(ϕχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1)

)

Proof. Note that the algorithm executes independently Step 3 with probability
ν, and Step 4 with probability 1−ν. In Step 5, we have Ṽ1 = V1 if |V1| ≥ m/2,
and Ṽ1 = V \ V1 otherwise. So |Ṽ1|(m− |Ṽ1|) = |V1|(m− |V \ V1|) and

E[|Ṽ1|(m− |Ṽ1|)]
= νE[(1/4)

∑
i,j

(1− X̃ij)] + (1− ν)
∑

1≤i �=j≤m

p(i)(1 − p(j))

= ν(1/4)
∑
i �=j

(
1− (2/π)(1 − 2p)2 arcsin(θX∗

ij)
)

+(1− ν)
∑

1≤i �=j≤m

(
1 + (1− 2p)θ′X∗

0i

2
·
1− (1− 2p)θ′X∗

0j

2

)
= ν(1/4)

∑
i �=j

(
ϕχ + (2/π)(1 − 2p)2

(
arcsin(θ)− arcsin(θX∗

ij)
))

+(1− ν)

m∑
i=1

⎛⎝1 + (1− 2p)θ′X∗
0i

2
·
∑
j �=i

1− (1− 2p)θ′X∗
0j

2

⎞⎠
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≥ ν(1/4)
∑
i �=j

(
ϕχ + (1−X∗

ij)χ
)
+ (1− ν)

m∑
i=1⎛⎝1 + (1− 2p)θ′X∗

0i

2
·

m∑
j=1

(
1− (1− 2p)θ′X∗

0j

2
− 1− (1− 2p)θ′X∗

0i

2

)⎞⎠
≥ ν(1/4)

⎛⎝∑
i �=j

ϕχ + (m2 − u2)χ

⎞⎠
+(1− ν)

(
m

2
− (1− 2p)θ′u

2

)⎛⎝ m∑
j=1

1− (1− 2p)θ′X∗
0j

2
− 1

⎞⎠
≥ ν(1/4)

(
m(m− 1)ϕχ +m2(1− τ2χ)

)
+(1− ν)m

(
1

2
− θ′(1− 2p)τ

2

)(
m

2
− θ′(1− 2p)u

2
− 1

)
= ν(1/4)m2

(
(1− 1/m)ϕχ + (1− τ2)χ

)
+(1− ν)m2

(
1

2
− θ′(1− 2p)τ

2

)(
1

2
− θ′(1− 2p)τ

2
− 1

m

)
= (1/4)m2

(
ν(ϕχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1)

)
(since m is large),

where the second equality follows from Lemma 4.4.1 and Lemma 4.4.2, the first
inequality follows from the definition of χ, and the second inequality follows
from (4.7) ( note that when i = j, X∗

ii = 1, so
∑

i �=j(1−X∗
ij) ≥ m2 − u2), and

(4.8) (
∑m

i=1 X
∗
0i ≤ u).

4.5 The quality of the SDP approximation algo-

rithm.

Recall that τ = u/m ∈ [0, 1] is the unbalance parameter. For γ > 0, let

Z(γ) =
ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

.

Also recall that V 1 is given in Step 6 of our SDP algorithm. We now give
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a lower bound on ω(V 1, V \ V 1) in terms of ωopt, whenever Z(γ) fulfills its

expectation. This will be used to establish the bound on the quality of the

SDP approximation algorithm for MHC-LU when 0 ≤ τ < 1.

First, we show that ω(Ṽ1, V \ Ṽ1)/ω
opt ≤ 2/(1 + τ). If |Ṽ1| ≤ (m + u)/2

then V 1 = Ṽ1 (see Step 6 of our algorithm in Section 2), and hence

ω(Ṽ1, V \ Ṽ1)/ω
opt ≤ ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1) = 1 ≤ 2/(1 + τ).

So we may assume |Ṽ1| > (m+ u)/2. Then by Lemma 4.1.1,

ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1) ≤ 2|Ṽ1|/(m+ u), and hence

ω(Ṽ1, V \ Ṽ1)/ω
opt ≤ ω(Ṽ1, V \ Ṽ1)/ω(V 1, V \ V 1)

≤ 2|Ṽ1|/(m+ u)

≤ 2m/(m + u)

= 2/(1 + τ).

Since

γ
|Ṽ1|(m− |Ṽ1|)

m2
=

(
−|Ṽ1|2

m2
+

|Ṽ1|
m

)
γ ≤ γ

4
,

we have

Z(γ) ≤ A :=
2

1 + τ
+

γ

4
. (4.20)

Let

β =
(
ν(ϕχ + (1− τ2)χ) + (1− ν)(1− θ′(1− 2p)τ)2 + o(1)

)
/4,

Then by Corollary 4.3.3 and Lemma 4.4.3, we have

E(Z(γ)) = E(ω(Ṽ1, V \ Ṽ1))/ω
opt + γE(|Ṽ1|(m− |Ṽ1|))/m2

≥ B := α(p) + γβ. (4.21)

For any given 0 < ε < 1, let r = Pr{Z(γ) < B − ε(A−B)}. Then

E[Z(γ)] < r(B − ε(A−B)) + (1− r)max(Z(γ)). (4.22)
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From (4.20), (4.21), and (4.22), we have

r <
A−B

A−B + ε(A−B)
=

1

1 + ε
.

We run the proposed algorithm K = O((1/ε) log(1/ε)) times, and denote

the maximum value of Z(γ) in these K runs by ZK . Then

Pr (ZK < B − ε(A−B)) ≤ rK <

(
1

1 + ε

)K

≤ ε.

This implies that ZK ≥ B−O(ε) = α(p) + γβ −O(ε) with probability at least

1− ε. Since ε can be made arbitrarily small, almost surely

ω(Ṽ1, V \ Ṽ1)

ωopt
+ γ

|Ṽ1|(m− |Ṽ1|)
m2

= Z(γ) ≥ α(p) + γβ − o(1). (4.23)

Let |Ṽ1| = qm, where 1/2 ≤ q ≤ 1 (see Step 5 in Section 2). Then from (4.23),

almost surely,

ω(Ṽ1, V \ Ṽ1)

ωopt
≥ α(p) + γβ − γq(1− q)− o(1).

By Lemma 4.1.1, if |Ṽ1| ≤ m+u
2 , we obtain ω(V 1, V \ V 1) = ω(Ṽ1, V \ Ṽ1);

otherwise, we have (almost surely)

ω(V 1, V \ V 1)

ωopt
≥ m+ u

2|Ṽ1|
· ω(Ṽ1, V \ Ṽ1)

ωopt

=
1 + τ

2q
· ω(Ṽ1, V \ Ṽ1)

ωopt

≥ 1 + τ

2q
(α(p) + γβ − γq(1− q)− o(1)).

Write

μ(q) = α(p) + γβ − γq(1− q).

Then almost surely,

ω(V 1, V \ V 1)

ωopt
≥ min

{
μ(q)− o(1),

1 + τ

2q
μ(q)− o(1)

}
.
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We now compute the lower bound on ω(V 1, V \ V 1) in terms of ωopt,

whenever Z(γ) fulfills its expectation. Let

γ0 =
α(p)

2β

(
1√

1− 4β
− 1

)
,

γ1 =
4α(p)

(1 + 2τ)2 − 4β
,

γ2 =
α(p)(2− 2τ)

1− 2(1− τ)β
.

Note that γ0, γ1 and γ2 are chosen to optimize certain functions. Now we have

the following lemma.

Lemma 4.5.1. If the random variable fulfills its expectation, i.e., Z(γ) ≥
α(p) + γβ − o(1), then almost surely, ω(V 1, V \V 1)/ω

opt ≥ R(τ)− o(1), where

R(τ) =

⎧⎪⎨⎪⎩
R0, if τ = 0, β < 1/4 and α(p)

1−β ≤ γ = γ0 ≤ 4α(p)

1−4β ,

R1, if 0 < τ ≤ 1/2, and γ = γ1
R2, if 1/2 < τ < 1, and γ = γ2,

and

R0 =
α(p)

1 +
√
1− 4β

,

R1 =
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
,

R2 =
α(p)(1 + τ)

2− 4(1− τ)β
.

Proof. When τ = 0, we have

ω(V 1, V \ V 1)/ω
opt ≥ min{μ(q)− o(1), 1+τ

2q μ(q)− o(1)},
= min{μ(q)− o(1), μ(q)2q − o(1)},
≥ μ(q)

2q − o(1),

= (α(p) + γβ − γq(1− q))/(2q) − o(1),

≥
√

γ(α(p) + γβ)− γ/2− o(1)

≥ α(p)/(1 +
√
1− 4β)− o(1)

= R0 − o(1).
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The second inequality follows from q ≥ 1/2. The third inequality follows
from the simple calculus that q = q∗ =

√
α(p)/γ + β yields the minimal value

for μ(q)
2q when q ∈ [1/2, 1]. It is easy to verify that q∗ ∈ [1/2, 1] if 4β < 1

and α(p)/(1 − β) ≤ γ ≤ 4α(p)/(1 − 4β). Substituting γ = γ0 into the third

inequality yields the maximal value for
√

α(p) + γβ − γ/2 and gives the last
inequality. So we obtain the first result in the lemma.

Next, when τ > 0, we select γ = γ1 and γ = γ2 when 0 < τ ≤ 1/2 and
1/2 ≤ τ ≤ 1, respectively, to make the minimal values of ω(V 1, V \ V 1)/ω

opt

equal in both of the cases of 1+τ
2q ≤ 1 and 1+τ

2q ≥ 1.

Case 1. Suppose 1+τ
2q ≤ 1. Then q ∈ [ (1+τ)

2 , 1]. and ω(V 1, V \ V 1)/ω
opt ≥

1+τ
2q μ(q)− o(1). Simple calculations show that the function 1+τ

2q μ(q) has q∗ =√
α(p)/γ + β as its stationary point and is decreasing in (0, q∗).

If 0 < τ ≤ 1/2 and γ = γ1, then q∗ = (1 + 2τ)/2; so (1+τ)
2 < q∗ ≤ 1, and

the function 1+τ
2q μ(q) achieves its minimal value at q∗ ∈ ( (1+τ)

2 , 1]. Thus,

ω(V 1, V \ V 1)

ωopt
≥ 1 + τ

2q∗
μ(q∗)− o(1)

=

(
2

√
(α(p) + γβ)γ − γ

)
1 + τ

2
− o(1)

=
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
− o(1)

= R1 − o(1).

If 1/2 < τ < 1 and γ = γ2, then

q∗ =

√
1

2− 2τ
.

Since τ > 1/2, q∗ > 1, it follows that the minimal value of 1+τ
2q μ(q) is achieved



80 Chapter 4

at 1 by the fact that 1+τ
2q μ(q) is decreasing in (0, q∗) and q ∈ [ (1+τ)

2 , 1]. Then

ω(V 1, V \ V 1)

ω∗
≥ 1 + τ

2q
μ(q)− o(1)

≥ 1 + τ

2
μ(1)− o(1)

=
α(p)(1 + τ)

2− 4(1− τ)β
− o(1)

= R2 − o(1).

Case 2. Now assume 1+τ
2q ≥ 1. Then 1/2 ≤ q ≤ 1+τ

2 , and ω(V 1, V \
V 1)/ω

opt ≥ μ(q) − o(1). Simple calculations show that μ(q) has a minimum
value at q∗ = 1

2 .

If 0 < τ ≤ 1/2 and γ = γ1, we have

ω(V 1, V \ V 1)/ω
opt ≥ μ(q∗)− o(1)

= α(p) + γβ − γ/4 − o(1)

=
α(p)(1 + τ)τ

(1 + 2τ)2/4− β
− o(1)

= R1 − o(1).

If 1/2 < τ < 1 and γ = γ2, we have

ω(V 1, V \ V 1)/ω
opt ≥ μ(q∗)− o(1)

=
α(p)(1 + τ)

2− 4(1 − τ)β
− o(1)

= R2 − o(1).

This completes the proof.

For given fixed value τ , we select θ, θ′, ν, p as solution of
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maxR(τ) (4.24)

s.t. 0 < θ ≤ 1

0 < θ′ ≤ 1

0 ≤ ν ≤ 1

0 ≤ p ≤ 0.5

(4.25)

Then, we have the following conclusion:

Theorem 4.5.2. For given fixed value τ , the worst-case performance ratio of
the SDP-algorithm for approximating MHC-LU is at least R(τ)− o(1).

The quality of the approximation depends on the optimization of R(τ) over

all parameters θ, θ′, ν and p. However, it is not easy to compute maxR(τ)

from (4.24). It would be interesting to have an efficient scheme for finding a

best set of these parameters.

In practice, instead of solving (4.24) one could perform 1-dimensional

searches on the parameters (with τ fixed) and obtain a lower bound R
∗
(τ)

on the performance guarantee of the algorithm. The use of numerical meth-

ods to evaluate the performance guarantee is rather common for SDP-based

approximation algorithms, see [45, 49, 50, 52, 53, 57, 70, 71, 138, 143]. For fast

computations and easy verifications of computational results, we may assign

simple values to some of the parameters and simply perform 1-dimensional

searches on the remaining parameters. This turns out to be sufficient to im-

prove some previous known results mentioned in the introduction. Table 4.1

shows the values of parameters used in such computations of R
∗
(τ) for MHC-

LU for the same range of 0 ≤ τ < 1 as that in Table 1.1. It seems that ν = 1

is the optimal choices for the problem from numerical results. Table 4.2 shows

the values of parameters used in such computations of R
∗
(τ) for MHC-LU for

the same range of 0 ≤ τ < 1 as that in Table 1.2 when the minimum number

of vertices in a hyperedge is 3. In such cases, our algorithm of combining the

outward rotations of a random hyperplane rounding procedure with that of a

linear randomized rounding procedure can always obtain better performance

ratios from numerical results.
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Note that α(p) = r2(p) holds when the hypergraph is 2-uniform (a standard

graph). If we replace α(p) by r2(p) in Lemma 4.5.1 and Theorem 4.5.2, we

obtain the corresponding results for max cut with limited unbalance. It seems

that ν = 1 and p = 0 are the optimal choices for the problem from numerical

results. Table 4.3 shows the values of parameters used in such computations

of R
∗
(τ) for MC-LU for the same range of τ as that in Table 1.3.

Table 4.1: Values of parameters used in the computation of R
∗
(τ) for

MHC-LU for some τ

τ 0 0.25 0.5 0.75 0.8 0.9 0.999

θ 0.923 0.967 0.967 0.967 0.967 0.967 0.967

p 0.1 0.1 0.1 0.1 0.1 0.1 0.1

γ 7.2165 2.2735 0.9506 0.4106 0.3216 0.1548 0.0015

β 0.2424 0.2315 0.2058 0.1692 0.1604 0.1395 0.11164

α(p) 0.7360 0.7524 0.7524 0.7524 0.7524 0.7524 0.7524

R
∗
(τ) 0.6271 0.7105 0.7130 0.7194 0.7245 0.7353 0.7522

Table 4.2: Values of parameters used in the computation of R
∗
(τ) for

MHC-LU for some τ when the minimum number of vertices in a hyperedge is
3

τ 0 0.25 0.5 0.75 0.9 0.999

θ 0.961 0.961 0.961 0.961 0.961 0.961

θ′ 0.1 0.1 0.1 0.1 0.1 0.1

p 0.1 0.1 0.1 0.1 0.1 0.1

ν 0.242 0.242 0.242 0.242 0.242 0.242

γ 14.1884 2.3870 0.9993 0.4322 0.1612 0.0015

β 0.2475 0.2382 0.2253 0.2089 0.1974 0.1891

α(p) 0.7741 0.7741 0.7741 0.7741 0.7741 0.7741

R
∗
(τ) 0.7042 0.7459 0.7495 0.7564 0.7656 0.7740

We next give a detailed explanation for the reason of numerical improve-

ments shown in Table 1.3. When 0 ≤ τ ≤ 0.5, we have the same performance
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Table 4.3: Values of parameters used in the computation of R
∗
(τ) for

MC-LU for some τ

τ 0.6 0.7 0.8 0.85 0.9 0.95 0.9999

θ 0.98 0.99 0.99 0.99 1 1 1

γ 0.7987 0.5684 0.1272 0.2689 0.1772 0.0880 0.0002

β 0.1591 0.1272 0.0964 0.0795 0.0417 0.0214 0.0000

αp 0.8713 0.8750 0.8750 0.8750 0.8786 0.8786 0.8786

R
∗
(τ) 0.7987 0.8052 0.8191 0.8291 0.8417 0.8584 0.8785

ratios as those in [53], as we use the same idea for estimating the values of per-

formance ratios in these cases. The main idea is to choose a suitable formula

of γ such that the minimum value of (1+τ)μ(q)
2q is equal to that of μ(q) which oc-

curs if q = q∗ (see the proof of Lemma 4.5.1). However, when 0.5 < τ <
√

2/3,

we obtain improved results compared with that in [53], since we have shown

in the proof of Lemma 4.5.1 that the minimum value of (1+τ)μ(q)
2q is (1+τ)μ(1)

2 .

This value is greater than or equal to the value (1+τ)μ(q∗)
2q∗ used in [53] (due to

q∗ > 1 and the fact that 1+τ
2q μ(q) is decreasing in (0, q∗)).

At last, we explain the reason that our performance ratios are still better

than those in [53] despite a new formula (= 0.878561+τ
2 ) of the performance

ratios for τ ≥
√

2/3 is used in [53]. In these cases, our formula for the

performance ratio is R2 =
α(p)(1+τ)
2−4(1−τ)β = r2(p)

1−2(1−τ)β · 1+τ
2 where ν = 1 and p = 0.

Then by choosing the other parameter values shown as in Table 6 for τ ≥
√

2/3

where 1− 2(1− τ)β ≤ 1, it is easy to verify that the better numerical results

(≥ 0.878561+τ
2 ) can be obtained (see Table 1.3).

Due to the use of Lemma 4.4.3, the values reported in the above tables are

correct only for sufficiently large m.

Finally, we give the worst-case performance ratio of the SDP-algorithm for

approximating MHC-LU regardless of the value of τ .

Theorem 4.5.3. The worst-case performance ratio of the SDP-algorithm for
approximating MHC-LU is at least R0 − o(1).

Proof. Since τ ≥ 0, we have, with the same arguments as these in the proof
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of Lemma 4.5.1,

ω(V 1, V \ V 1)/ω
opt ≥ min{μ(q)− o(1),

(1 + τ)μ(q)

2q
− o(1)}

≥ min{μ(q)− o(1),
μ(q)

2q
− o(1)}

≥ R0 − o(1).

Thus, the worst-case performance ratio of our SDP-algorithm for approximat-
ing MHC-LU is at least R0 − o(1), regardless of the value of τ .

It is easy to see that the numerical worst-case performance ratio of the

SDP-algorithm for approximating MHC-LU, regardless of the value of τ , is

0.6271 which is the same as that for MHC-LU when τ = 0.

The technique of the Lasserre Hierarchy is to use a family of stronger SDP

relaxations derived by the so-called Lasserre lift-and-project system whose

vector solutions enjoy nice structural properties. It is very interesting to con-

sider whether an application of Lasserre Hierarchy can lead to a significantly

improved approximation ratio for MHC-LU.
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Minimum size of

n-factor-critical and

k-extendable graphs

We determine the minimum size of n-factor-critical graphs and of k-extendable

bipartite graphs, by considering Harary graphs and related graphs. Moreover,

we determine the minimum size of k-extendable non-bipartite graphs for k =

1, 2, and pose a related conjecture for general k.

For obtaining the above results, we need some results as follows.

Lemma 5.0.4. (Plummer [123]) Let G be a connected bipartite graph with
bipartition (U,W ), k a positive integer such that k ≤ (ν(G) − 2)/2. Then G
is k-extendable if and only if |U | = |W | and for all non-empty subset X of U
with |X| ≤ |U | − k, |N(X)| ≥ |X|+ k.

Lemma 5.0.5. (Yu [140], Favaron [42]). A graph G is n-factor-critical if and
only if ν(G) ≡ n (mod 2) and for any vertex set S ⊆ V (G) with |S| ≥ n,
o(G− S) ≤ |S| − n, where o(G− S) denote the number of odd components of
G− S.

Lemma 5.0.6. (Plummer [122]) A k-extendable graph G is (k+1)-connected.

By Lemma 5.0.6, in a k-extendable graph G, δ(G) ≥ κ(G) ≥ k + 1.

Lemma 5.0.7. (Plummer [122]) If G is a k-extendable graph and if u is a
vertex of degree k + 1 in G, then N(u) is independent.

85
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Lemma 5.0.8. (Favaron [42], Liu and Yu [105]) An n-factor-critical graph G
is n-connected, (n+ 1)-edge-connected, and δ(G) ≥ n+ 1.

Lemma 5.0.9. (Lou and Yu [107]) If G is a k-extendable non-bipartite graph
on ν vertices with k ≥ ν/4, then κ(G) ≥ 2k.

Lemma 5.0.10. (Zhang et al. [144]) Let G be a non-bipartite graph on ν
vertices, and k an integer such that k ≥ (ν + 2)/4. Then G is k-extendable if
and only if it is 2k-factor-critical.

Lemma 5.0.11. (Maschlanka and Volkmann [112]) If G is a k-extendable
non-bipartite graph, then α(G) ≤ ν(G)/2 − k.

A fullerene graph is a planar cubic 3-connected graph with only pentagonal

and hexagonal faces. A fullerene graph on n vertices exists for even n ≥ 20,

except n = 22.

Lemma 5.0.12. (Zhang and Zhang [142]) Every fullerene graph is 2-extendable.

5.1 Minimum size of n-factor-critical graphs and k-

extendable bipartite graphs

In this section, we determine the minimum size of n-factor-critical graphs and

k-extendable bipartite graphs.

Let G be a graph on ν vertices. We use numbers 0, 1, . . ., ν−1 to label the

ν vertices of a graph G. We call a vertex labelled by an even (odd) number an

even (odd) vertex. We denote an edge of G joining i to j by (i, j), and a path

or cycle in G by listing all vertices of it in order. Throughout this section, the

labels of the vertices are reduced modulo ν.

In [72], Harary defined a class of graphs that were later called Harary

graphs. These graphs are m-connected graphs on ν vertices with �mν/2
edges, for 2 ≤ m < ν. A Harary graph Hm,ν with vertex set {0, 1, . . . , ν − 1}
is defined as follows.

(1) m = 2r is even. Two vertices i and j are joined if i− r ≤ j ≤ i+ r.

(2) m = 2r + 1 is odd and ν is even. H2r+1,ν is constructed from H2r,ν by

adding the edges (i, i + ν/2), for all 0 ≤ i ≤ ν/2− 1.
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(3) Both m = 2r + 1 and ν are odd. H2r+1,ν is constructed from H2r,ν

by adding the edges (0, (ν − 1)/2), (0, (ν + 1)/2) and (i, i + (ν + 1)/2) for all

1 ≤ i < (ν − 1)/2.

Firstly, we will prove some results on the factor-criticality and extendibility

of Harary graphs. We present some useful notations and definitions below. We

denote by C the Hamilton cycle (0, 1, . . . , ν − 1, 0) in Hm,ν . For a vertex set

S ⊂ V (G), we define an S-segment to be the maximal segment P of C such

that all internal vertices of P belong to S, while the endvertices of P belong

to V (G)\S. We say that a component of G−S, containing an endvertex of P ,

be associated with P . An S-segment P = (i, i+1, . . . , j) is called an S-link if

the vertices i and j belong to different components of G− S.

Theorem 5.1.1. Let r ≥ 2 and ν > 2r be two integers. Then H2r,ν is
(2r − 1)-factor-critical if ν is odd and (2r − 2)-factor-critical if ν is even.

Proof. Suppose ν = 2s + 1 is odd, and G = H2r,2s+1 is not (2r − 1)-factor-
critical. By Lemma 5.0.5, there exists a vertex set S ⊂ V (G) with |S| ≥ 2r−1,
such that o(G − S) > |S| − (2r − 1). By parity, o(G − S) ≥ |S| − (2r − 1) +
2 = |S| − 2r + 3. Let c be the number of components of G − S. Then
c ≥ o(G − S) ≥ |S| − 2r + 3 ≥ 2. If c = 2 then all equalities must hold and
|S| = 2r − 1. But this is impossible since G is 2r-connected. So, c ≥ 3.

By the definition of H2r,2s+1, every S-link P contains at least r internal
vertices. Since G−S has at least two components, a component of G−S must
be associated with at least two S-links. Hence there are at least 2c/2 = c S-
links. Therefore |S| ≥ cr. So we have

c ≥ |S| − 2r + 3 ≥ cr − 2r + 3.

That is, (c− 2)(1− r) ≥ 1. However, this is impossible since c ≥ 3 and r ≥ 2.
Hence, G must be (2r − 1)-factor-critical.

Suppose that ν = 2s is even, and G = H2r,2s is not (2r− 2)-factor-critical.
By Lemma 5.0.5, there exists a vertex set S ⊂ V (G) with |S| ≥ 2r − 2, such
that o(G − S) > |S| − (2r − 2). By parity, o(G − S) ≥ |S| − 2r + 4. Using
the same notations and analogous analysis in the case that ν is odd, we have
c ≥ 3 and (c− 2)(1 − r) ≥ 2, which are impossible.

Theorem 5.1.2. Let r ≥ 2 and ν > 2r + 1 be two integers. Then H2r+1,ν is
2r-factor-critical if ν is even and (2r − 1)-factor-critical if ν is odd.
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Proof. The proof is similar to that of Theorem 5.1.1.

Theorem 5.1.3. Let s ≥ 2 be an integer. Then H2,2s−1 and H3,2s+1 are
factor-critical. H2,2s is 1-extendable. H3,2s is bicritical if s is even, and 2-
extendable is s is odd.

Proof. Since H2,ν is a cycle of order ν, H2,2s−1 is factor-critical and H2,2s

is 1-extendable. Since H2,2s+1 is a spanning subgraph of H3,2s+1, H3,2s+1 is
factor-critical.

Consider H3,2s. If s is even, we can verify by definition that H3,2s is
bicritical. If s is odd, H3,2s is a bipartite graph with two parts consisting
of the even vertices and odd vertices respectively. Denote the parts of even
vertices by Ue, and that of odd vertices by Uo.

Suppose thatH3,2s is not 2-extendable. Then by Lemma 5.0.4, there exist a
vertex set U ⊂ Ue with |U | ≤ s−2, such that |N(U)| < |U |+2. By considering
the neighborhood of U on C, we can see that this is impossible.

By Lemma 5.0.8, if G is n-factor-critical, then δ(G) ≥ n + 1. So, an n-

factor-critical graph G on ν vertices has at least ν(n + 1)/2 edges. Note that

ν(n+1)/2 is an integer, since n and ν have the same parity. For two odd inte-

gers n = 2r−1 ≥ 3 and ν > n, by Theorem 5.1.1, Hn+1,ν is an n-factor-critical

graph on ν vertices with ν(n+ 1)/2 edges. For two even integers n = 2r ≥ 4

and ν > n, by Theorem 5.1.2, Hn+1,ν is an n-factor-critical graph on ν vertices

with ν(n+1)/2 edges. For n = 1 and an odd integer ν > 1, by Theorem 5.1.3,

H2,ν is a factor-critical graph with ν edges. For n = 2 and an even integer

ν > 2, it is not hard to check that a wheel Wν , which is formed by connecting

a single vertex to all vertices of a cycle of length ν−1, is a bicritical graph on ν

vertices, with 3ν/2 edges. Therefore, the minimum size of an n-factor-critical

graph on ν vertices is exactly ν(n + 1)/2, for all integers n ≥ 1 and ν > n,

where n and ν has the same parity.

Modifying the construction of Harary graphs slightly, we can get a class of

k-extendable bipartite graphs with minimum size.

Let 2 ≤ m ≤ s be integers, HB
m,2s with vertex set {0, 1, . . . , 2s − 1}, is

defined as follows.
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(1) m = 2r, where r ≤ s/2. Then vertex i is adjacent to j, if i is even, j

is odd and i− 2r + 1 ≤ j ≤ i+ 2r − 1.

(2) m = 2r+1, where r ≤ s/2. Then vertex i is adjacent to j, if i is even,

j is odd and i− 2r + 1 ≤ j ≤ i+ 2r + 1.

It is clear that every HB
m,2s is a balanced bipartite graph whose two parts

are consisting of the even vertices and the odd vertices, respectively. We

denote the part consisting of the even (odd) vertices by Ve (Vo).

Theorem 5.1.4. For two integers r ≥ 1 and s ≥ 2r, HB
2r,2s is (2r − 1)-

extendable.

Proof. Let G = HB
2r,2s and assume that G is not (2r − 1)-extendable. By

Lemma 5.0.4, there exists U ⊂ Ve, such that |U | ≤ s− (2r − 1) and |N(U)| ≤
|U |+ (2r − 2).

Define a U -consecutive set U ′ = {2i0, 2i1, . . . , 2it−1} as a maximal subset of
U so that 2il < 2il+1 ≤ 2il+4r−2, for 0 ≤ l ≤ t−2. Then the neighborhoods
of different U -consecutive sets do not intersect, and U can be uniquely divided
into U -consecutive sets. For every U -consecutive set U ′ = {2i0, 2i1, . . . , 2it−1},
if {2i0−2r+1, 2i0−2r+3, . . . , 2i0−1}∩{2it−1+1, 2it−1+3, . . . , 2it−1+2r−
1} �= ∅, then N(U ′) = Uo, contradicting |N(U)| ≤ |U |+(2r−2) ≤ s−1. Hence
{2i0−2r+1, 2i0−2r+3, . . . , 2i0−1}∩{2it−1+1, 2it−1+3, . . . , 2it−1+2r−1} =
∅. So |N(U ′)| ≥ r+ r+ t− 1 = |U ′|+2r− 1, and hence |N(U)| ≥ |U |+2r− 1,
contradicting |N(U)| ≤ |U |+(2r−2). Therefore G is (2r−1)-extendable.

Theorem 5.1.5. For two integers r ≥ 1 and s ≥ 2r + 1, HB
2r+1,2s is (2r)-

extendable.

Proof. The proof is similar to that of Theorem 5.1.4.

For a k-extendable graph G, δ(G) ≥ k + 1. Hence, for an integer k ≥ 1

and an even integer ν ≥ 2k + 2, a k-extendable graph G on ν vertices has at

least ν(k + 1)/2 edges. By Theorem 5.1.4 and 5.1.5, for all 2 ≤ m ≤ s, HB
m,2s

are (m − 1)-extendable bipartite graphs having ν(k + 1)/2 edges. Therefore,

the minimum size of a k-extendable bipartite graph on ν vertices is exactly

ν(k + 1)/2.
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5.2 Minimum size of 1-extendable non-bipartite graphs

and 2-extendable non-bipartite graphs

In the previous section we constructed k-extendable bipartite graphs with

minimum size. Now we consider k-extendable non-bipartite graphs with min-

imum size. Let G be a non-bipartite graph on ν vertices, where ν even, and

k be a positive integer such that k ≥ (ν + 2)/4. By Lemma 5.0.10, if G is

k-extendable, then it is 2k-factor-critical. Therefore, δ(G) ≥ 2k + 1, and G

has at least (2k + 1)ν/2 edges, which is greater than the lower bound for

k-extendable bipartite graphs. Hence, we raise the following problem.

Problem 1. Let k ≥ 1 be an integer, and G a k-extendable non-bipartite
graph on ν ≥ 2k + 2 vertices. What is the minimum size of G?

Denote such a minimum number by ε(ν, k). In this section, we solve the

problem for k = 1, 2.

Theorem 5.2.1. For an even number ν ≥ 4, ε(ν, 1) = ν + 2.

Proof. We have δ(G) ≥ 2 in a 1-extendable graph G. Hence, a 1-extendable
graph on ν vertices has at least ν edges. However, a connected graph with ν
vertices and ν edges can only be the cycle Cν , which is bipartite. Therefore
ε(ν, 1) ≥ ν + 1. Take a cycle C = v0v1 . . . vν−1v0, joint v0 to v2 and v1 to v3
we get a 1-extendable non-bipartite graph G. Therefore ε(ν, 1) ≤ ν + 2.

Let G be a 1-extendable non-bipartite graph with ν vertices and ν + 1
edges. By the Handshaking Lemma, G has precisely two vertices of degree
3, while the other vertices are of degree 2. Since G is non-bipartite, there
is an odd cycle Q = v0v1 . . . v2lv0 in G, and G − Q is not null. By Lemma
5.0.6, κ(G) ≥ 2. So, there is at least two vertices on Q, say v0 and vi, where
1 ≤ i ≤ 2l, who send edges to G−Q, and hence d(v0) = d(vi) = 3. If i is odd,
then v0v1 is not contained in any perfect matching of G. If i is even, then
v2lv0 is not contained in any perfect matching of G. These contradict that G
is 1-extendable. Hence ε(ν, 1) �= ν + 1. So ε(ν, 1) = ν + 2.

Now we consider 2-extendable non-bipartite graphs. For a 2-extendable

graph G, δ(G) ≥ 3. Hence, ε(ν, 2) ≥ 3ν/2. The next theorem shows that the

bound can be achieved when ν is large. We will prove the theorem in the rest

of this section.
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Theorem 5.2.2. For an even integer ν ≥ 6,

ε(ν, 2) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
15, if ν = 6,
16, if ν = 8,
19, if ν = 10,
20, if ν = 12,
3ν/2, if ν ≥ 14.

We will prove several theorems, that will be combined to obtain Theorem

5.2.2.

0 1

2 3

4 5

6 7

8 9

Figure 5.1: G1, a 2-extendable non-bipartite graph with 10 vertices and 19
edges

Theorem 5.2.3. ε(10, 2) = 19.

Proof. It can be verified that the graph we show in Figure 5.1 is a 2-extendable
non-bipartite graph with 10 vertices and 19 edges. To prove that ε(10, 2) = 19,
it suffices to show that there do not exist 2-extendable non-bipartite graphs
with 10 vertices and no more than 18 edges. Assume that we can find such a
graph G. By Lemma 5.0.11, α(G) ≤ 3. Firstly we prove the following claims.

Claim 1. There do not exist three independent vertices of degree 3 in G.

We prove Claim 1 by contradiction. Suppose there are three independent
vertices u0, u1, u2 of degree 3 in G. By Lemma 5.0.7, the neighborhood of
ui, 0 ≤ i ≤ 2, is independent. Since α(G) ≤ 3 and ν(G) = 10, we have
|N(u0) ∪N(u1) ∪N(u2)| = 7.

Suppose that |N(u0) ∩ (N(u1) ∪ N(u2))| ≤ 1. Then (N(u0)\(N(u1) ∪
N(u2)))∪{u1, u2} is an independent set of order at less 4, a contradiction. So
|N(u0)∩(N(u1)∪N(u2))| ≥ 2. Similarly, we have |N(u1)∩(N(u0)∪N(u2))| ≥ 2
and |N(u2) ∩ (N(u0) ∪ N(u1))| ≥ 2. But then |N(u0) ∪ N(u1) ∪ N(u2)| ≤
1 + 1 + 1 + (2 + 2 + 2)/2 = 6, contradicting |N(u0) ∪ N(u1) ∪ N(u2)| = 7.
Therefore, there do not exist three independent vertices of degree 3 in G.
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Claim 2. Every vertex in G has at most two neighbors of degree 3.

Suppose there is a vertex u in G, who has at least three neighbors, say v0,
v1 and v2, of degree 3. By Claim 1, at least two of them, say v0 and v1, are
adjacent. Then N(v0) is not independent, contradicting Lemma 5.0.7. Hence
Claim 2 holds.

Suppose there are at least six vertices of degree 3 inG, one of which being u.
By Claim 2, u can be adjacent to at most two other vertices of degree 3. Then
there are at least three vertices of degree 3 that are not adjacent to u, at least
two of which are not adjacent. Such two vertices and u are three independent
vertices of degree 3 in G, contradicting Claim 1. Therefore, there are no more
than five vertices of degree 3 in G. Moreover, |E(G)| ≥ �(3×5+4×5)/2 = 18,
and equality must hold.

Suppose there is a vertex v such that d(v) ≥ 6. By Claim 2, v has at least
four neighbors of degree no less than 4. Then G has at least �(6 + 4× 4+ 5×
3)/2 = 19 edges, a contradiction. Hence Δ(G) ≤ 5.

Now we show that Δ(G) < 5. Suppose that Δ(G) = 5. Since there are no
more than five vertices of degree 3, the non-increasing degree sequence of G
must be (5, 4, 4, 4, 4, 3, 3, 3, 3, 3). Assume that there exist a vertex u0 of
degree 3, which is adjacent to at most one vertex of degree 3 in G. There are
at least other three vertices of degree 3 that are not adjacent to u0, at least
2 of which, denoted by u1 and u2, are not adjacent. Then u0, u1 and u2 are
three independent vertices of degree 3 in G, contradicting Claim 1. Hence,
every vertex of degree 3 in G has exactly two neighbors of degree 3. Then, the
five vertices of degree 3 in G constitute a cycle, denoted by C0 = v0v1v2v3v4v0.
Furthermore, for each 0 ≤ i ≤ 4, vi sends an edge to G− C0.

Suppose the five vertices in G − C0 are adjacent to v0, v1, v2, v3 and v4,
respectively. Denote the vertex adjacent to vi by ui, 0 ≤ i ≤ 4. Noticing that
v0 and v2 are not adjacent, and u1, u3 and u4 are not adjacent to v0 or v2,
by α(G) ≤ 3, u1, u3 and u4 must be adjacent to each other. Similar analysis
shows that u1, u2, u3, u4 and u5 must be mutually adjacent, a contradiction.

Therefore, we can assume that there are two vertices on C0, say v0 and
v2, share a common neighbor u0 ∈ V (G−C0). Denote the other four vertices
in G − C0 by u1, u2, u3 and u4. Since v0 and v2 are not adjacent, and they
are not adjacent to u1, u2, u3 or u4, by α(G) ≤ 3, u1, u2, u3 and u4 must be
mutually adjacent. Each of v3 and v4 must send an edge to {u1, u2, u3, u4}.
Furthermore, v3 and v4 cannot have a common neighbor. Without loss of
generality, suppose v3u3, v4u4 ∈ E(G). Now consider the independent vertices
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u0, v1 and v3. Any other vertex in G must be adjacent to one of them.
Therefore, there must be an edge from {u0, v1} to u4. Similarly, there is an
edge from {u0, v1} to u3. Then we have d(u3), d(u4) ≥ 5, contradicting the
degree sequence of G. Hence, Δ(G) < 5.

So, all vertices in G are of degree 3 or 4. Since |E(G)| = 18, a simple
calculation shows that there are six vertices of degree 4 and four vertices of
degree 3.

(a) (b) (c)

Figure 5.2: Three possible configurations of H

Consider the subgraph H of G induced by all vertices of degree 3. By
Lemma 5.0.7, H cannot contain a triangle. By Claim 1, α(H) ≤ 2. Hence, H
can only be (a), (b) or (c) in Figure 5.2. We will discuss them case by case.

Let H be (a) of Figure 5.2. Denote the two edges in H by u0u1 and
u2u3. Then u0, u1 are adjacent to two vertices of degree 4 respectively, and
they do not have a common neighbor. Denote the other neighbors of u0 by
v0, v1, those of u1 by v2, v3. By Lemma 5.0.7, v0v1, v2v3 /∈ E(G). Denote
the other two vertices of degree 4 in G by v4 and v5. Since {u0, v2, v3} is an
independent set of order 3, u2 and u3 send edges to {v2, v3}. Moreover, u2 and
u3 cannot have a common neighbor. Without loss of generality we may assume
u2v2, u3v3 ∈ E(G). Similarly, we can assume u2v0, u3v1 ∈ E(G). Then
{u0, u2, v3}, {u0, u3, v2}, {u1, u2, v1} and {u1, u3, v0} are independent
sets of order 3. Hence v0, v1, v2 and v3 must be adjacent to v4 and v5. But
then v4v5 /∈ E(G), and {u0, u2, v4, v5} is an independent set of order 4,
contradicting α(G) ≤ 3.

Let H be (b) of Figure 5.2, a path u0u1u2u3. Denote the other neighbors
of u0 by v0 and v1. Then {u1, v0, v1} is an independent set. By α(G) ≤ 3,
u3 must be adjacent to v0 or v1. Without loss of generality, let u3v0 ∈ E(G).
Suppose that u3v1 ∈ E(G). Let w be the neighbor of v0 which is different from
u0 and u3, obviously w /∈ {u1, u2}. Then {u1u2, v0w} is not contained in any
perfect matching ofG, contradicting 2-extendibility ofG. Hence, u3v1 /∈ E(G).
So u3 has another neighbor v2. Denote the other three vertices of degree 4 in
G by v3, v4 and v5. Since u0 and u3 are not adjacent and they send no edge
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to {v3, v4, v5}, v3, v4 and v5 must form a triangle or we get an independent
set of order 4 in G. Since {u0, u2, v2} is an independent set of order 3, each
of v3, v4 and v5 sends an edge to u2 or v2. Similarly, each of v3, v4 and v5
sends an edges to u1 or v1. Then v3, v4 and v5 cannot send any edge to v0.
So, N(v0) = {u0, u3}, a contradiction.

Let H be (c) of Figure 5.2, a cycle u0u1u2u3u0. Suppose that u0 and u2
have a common neighbor other than u1 and u3. Then the other five vertices
of degree 4 are not adjacent to u0 or u2, so they must be mutually adjacent
or we get an independent set of order 4 in G. But then G is not connected,
a contradiction. Therefore, N(u0) ∩ N(u2) = {u1, u3}. Similarly, u1 and u3
do not have any common neighbor other than u0 and u2. Hence, each ui
has a neighbor vi /∈ {u0, u1, u2, u3}, and vi �= vj for i �= j, 0 ≤ i, j ≤ 3.
Denote by v4 and v5 the other two vertices left. If there are any two vertices
in {v0, v2, v4, v5} that are not adjacent, then they form an independent
set of order 4 with u1 and u3, a contradiction. Hence v0, v2, v4 and v5 are
mutually adjacent. Similarly v1, v3, v4 and v5 are mutually adjacent. But
then d(v4), d(v5) ≥ 5, a contradiction.

Thus we have led to contradictions in all cases and deny the existence of a
2-extendable non-bipartite graph with 10 vertices and no more than 18 edges,
and conclude that ε(10, 2) = 19.
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Figure 5.3: G2, the unique 2-extendable non-bipartite graphs with 12
vertices and 20 edges

Theorem 5.2.4. ε(12, 2) = 20. Furthermore, there is only one 2-extendable
non-bipartite graphs with 12 vertices and 20 edges up to isomorphism, as
showed in Figure 5.3.

Proof. It can be checked that the graph showed in Figure 5.3 is 2-extendable.
Let G be a 2-extendable non-bipartite graph with 12 vertices and no more
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than 20 edges, we prove that G must be isomorphic to the graph showed in
Figure 5.3.

By Lemma 5.0.11, α(G) ≤ 4. Let the number of vertices of degree 3 in G
be x, then (3x + 4(12 − x))/2 ≤ |E(G)| ≤ 20, hence x ≥ 8. We discuss two
cases.

Case 1. There are four independent vertices u0, u1, u2 and u3, of degree 3
in G.

By α(G) ≤ 4 and ν(G) = 12, we have |N(u0)∪N(u1)∪N(u2)∪N(u3)| = 8.

By Lemma 5.0.7, the neighbors of u0 are independent. If there are two
neighbors v0 and v1 of u0 that are not adjacent to u1, u2 or u3, {v0, v1, u1, u2, u3}
is an independent set, contradicting α(G) ≤ 4. So |N(u0)∩ (∪1≤j≤3N(uj))| ≥
2.

Similarly, for any 0 ≤ i ≤ 3, |N(ui) ∩ (∪0≤j≤3, j �=iN(uj))| ≥ 2. Hence,
|N(u0) ∪ N(u1) ∪ N(u2) ∪ N(u3)| ≤ 1 × 4 + 2 × 4/2 = 8. Since equality
holds, for every ui, |N(ui) ∩ (∪0≤j≤3, j �=iN(uj))| = 2. Furthermore, any ver-
tices in V (G)\{u0, u1, u2, u3} can be adjacent to at most two vertices in
{u0, u1, u2, u3}.

Suppose |N(u0) ∩ N(u1)| = 2. Then N(u0) ∪ {u2, u3} is an independent
set of order 5, a contradiction. Hence |N(u0) ∩ N(u1)| ≤ 1, and similarly
|N(ui) ∩ N(uj)| ≤ 1 for any 0 ≤ i �= j ≤ 3. So, for every ui, 0 ≤ i ≤ 3, ui
has common neighbors with uj and uk, where 0 ≤ j �= k ≤ 3, and j, k �= i.
Without loss of generality, suppose that u0 has common neighbors with u1
and u3. Then u2 also has common neighbors with u1 and u3. Hence, u0,
u1, u2, u3 and the common neighbors form a cycle on 8 vertices. Denote the
cycle by C1 = u0v0u1v1u2v2u3v3u0 and the other vertices adjacent to ui by
wi, 0 ≤ i ≤ 3.

If w0w1 /∈ E(G), {w0, w1, v0, u2, u3} is an independent set of order 5, a
contradiction. So w0w1 ∈ E(G). Similarly, w1w2, w2w3, w3w0 ∈ E(G).

If v0v2 ∈ E(G), then {v0v2, w1w2} is not contained in any perfect matching
of G, a contradiction. Therefore v0v2 /∈ E(G). Furthermore, v0 can not be
adjacent to v1 or v3. Similarly, all vi, 0 ≤ i ≤ 3, cannot be adjacent to each
other. Hence every vi, 0 ≤ i ≤ 3, sends edges to some wj, 0 ≤ j ≤ 3, and the
number of such edges is at least 4. Then, E(G) ≥ 8 + 4 + 4 + 4 = 20. By our
assumption, equality holds, and each vi, 0 ≤ i ≤ 3, sends exactly one edge to
wj, for one 0 ≤ j ≤ 3.

The vertex v0 can only be adjacent to w2 or w3. Without lose of generality,
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suppose v0w3 ∈ E(G). The vertex v1 can only be adjacent to w0 or w3.
If v1w3 ∈ E(G), then {u2v2, u0v3} is not contain in any perfect matching
of G, a contradiction. Therefore, we must have v1w0 ∈ E(G). Similarly
v2w1, v3w2 ∈ E(G). So, G is isomorphic to the graph showed in Figure 5.3.

Case 2. There do not exist four independent vertices of degree 3 in G.

We claim that there exists a vertex of degree 3, whose neighbors are all of
degree 3. Suppose to the contrary that there is no such a vertex. Obviously,
there exists a vertex u of degree 3, who has two neighbors, denoted by v and
w, of degree 3 in G. Then, each of v and w has at most one more neighbor
of degree 3. So, there are at least three vertices of degree 3 in G who are not
adjacent to v or w. By the condition of Case 2, these three vertices must form
a triangle, a contradiction to Lemma 5.0.7. So there is a vertex, say u0, of
degree 3 in G, whose neighbors are all of degree 3.

By Lemma 5.0.7, N(u0) is independent. By the condition of Case 2, any
other vertex of degree 3 must be adjacent to some vertices in N(u0). Hence,
there is a neighbor u1 of u0, who is adjacent to other two vertices of degree 3.
Denote the other neighbors of u0 by v0 and v1, and the other neighbors of u1
by v2 and v3. There are at least two more vertices, say w0 and w1, of degree
3 in G.

Since there are no four independent vertices of degree 3, there is at least
one edge among v0, v1, v2 and v3. But v0v1, v2v3 /∈ E(G). Without lose of
generality we assume that v1v2 ∈ E(G). Since {u0, v2, v3} is an independent
set, by the condition of Case 2, both w0 and w1 send some edges to {v2, v3}.
Similarly, both w0 and w1 send some edges to {v0, v1}.

if w0w1 ∈ E(G), the subgraph of G induced by {u0, u1, v0, v1, v2, v3, w0, w1}
sends at most two edges to the other part of G, so κ(G) ≤ κ′(G) ≤ 2, contra-
dicting Lemma 5.0.6. Hence w0w1 /∈ E(G).

If v0 is not adjacent to w0 or w1, then u1, v0, w0, w1 are four independent
vertices of degree 3, contradicting the condition of Case 2. So v0, and similarly
v1, v2 and v3, must be adjacent to w0 or w1. Since both w0 and w1 send some
edges to {v0, v1} and {v2, v3}, without lose of generality, we can assume that
w0v0, w1v1 ∈ E(G). Then w1 must be adjacent to v3, and v2 must be adjacent
to w0. But then {u0v0, w1v3} is not contained in any perfect matching of G,
contradicting 2-extendibility of G.

Therefore, there can be only one 2-extendable non-bipartite graph with 12
vertices and no more than 20 edges, upto isomorphism, as shown in Figure
5.3.
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Theorem 5.2.5. When ν = 14, 16 or 18, ε(ν, 2) = 3ν/2.

Proof. We already have ε(ν, 2) ≥ 3ν/2. To prove the equality, we show 2-
extendable graphs on ν = 14, 16 and 18 vertices and 3ν/2 edges in Figure 5.4,
5.5 and 5.6, respectively.

Theorem 5.2.6. When ν ≥ 20, ε(ν, 2) = 3ν/2.

Proof. We have ε(ν, 2) ≥ 3ν/2. To prove the equality we must find 3-regular 2-
extendable non-bipartite graphs on ν vertices for all even ν ≥ 20. By definition
and Lemma 5.0.12, Fullerene graphs are 3-regular 2-extendable non-bipartite
graphs, and Fullerene graphs with ν vertices exists for all even ν ≥ 20, except
ν = 22. So, we only need to construct a 3-regular 2-extendable non-bipartite
graph on 22 vertices. One such graph is shown in Figure 5.7.

Now we can prove Theorem 5.2.2.

Proof. Let G be a 2-extendable graph on ν vertices with minimum size. By
Theorem 5.0.9, when ν ≤ 8, δ(G) ≥ κ(G) ≥ 4. For ν = 6, it is not hard to
check that G must be K6, thus ε(6, 2) = 15. For ν = 8, we have ε(8, 2) ≥ 16,
and it is obvious that the graph shown in Figure 5.8 is a 2-extendable non-
bipartite graph with 8 vertices and 16 edges, hence ε(8, 2) = 16. For other
values of ν the results follow from Theorem 5.2.3, 5.2.4, 5.2.5 and 5.2.6.
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Figure 5.4: G3, a 2-extendable non-bipartite graph with 14 vertices and 21
edges

5.3 Concluding remarks

We finish the chapter with some ideas on Problem 1 for general k.
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Figure 5.5: G4, a 2-extendable non-bipartite graph with 16 vertices and 24
edges
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Figure 5.6: G5, a 2-extendable non-bipartite graph with 18 vertices and 27
edges
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Figure 5.7: G6, a 2-extendable non-bipartite graph with 22 vertices and 33
edges

Figure 5.8: a 2-extendable non-bipartite graph with 8 vertices and 16 edges
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By Lemma 5.0.10, the set of k-extendable non-bipartite graphs and the

set of 2k-factor-critical graphs coincide when ν(G) ≤ 4k − 2. We have found

2k-factor-critical graphs with minimum size among Harary graphs in Section

5.1. So we have

ε(ν, k) = (2k + 1)ν/2 if ν ≤ 4k − 2.

By Lemma 5.0.9, when ν(G) = 4k, the connectivity of a k-extendable

non-bipartite graph G is 2k. Therefore δ(G) ≥ κ(G) ≥ 2k. This bound

is obtained by the following graph. Let H1 and H2 be two copies of K2k

where V (H1) = {u0, u1, . . . , u2k−1} and V (H2) = {v0, v1, . . . , v2k−1}. And
construct G by joining every ui to vi, 0 ≤ i ≤ 2k − 1. It is not hard to

check that G is a k-extendable graph with 4k vertices and regular degree 2k.

Therefore

ε(4k, k) = 4k2.

When ν ≥ 4k + 2, an example in [107] shows that the connectivity of a

k-extendable graph G with ν vertices can be k+1, that is, the bound given by

Lemma 5.0.6. The case that k = 2 gives us some hints that there may exist

k-extendable regular graphs with degree k+1, and hence ε(ν, k) = (k+1)ν/2,

when ν is large. Let ν0 be the minimum even integer such that ε(ν0, k) =

(k+1)ν0/2. Then ν0 ≥ 4k+2. Assume that for a given k, the function ε(ν, k)

is increasing for even integer ν. We have (ν0 − 4k)/2 ≤ ε(ν0, k) − ε(4k, k) =

(k + 1)ν0/2 − 4k2, that is, ν0 ≥ 8k − 4. Therefore, we pose the following

conjecture.

Conjecture 1. For a given integer k > 0, if G is a k-extendable non-bipartite
graph with edge number ν(G)(k + 1)/2, then ν(G) ≥ 8k − 4.





Chapter 6

Directed Hamilton cycles and

matching alternating

Hamilton cycles

In 1972, Woodall established the following Ore type condition for directed

Hamilton cycles in digraphs: Let D be a digraph. If for every vertex pair

u and v, where there is no arc from u to v, we have d+(u) + d−(v) ≥ |D|,
then D has a directed Hamilton cycle. By a correspondence between bipartite

graphs and digraphs, the above result is equivalent to the following result of

Las Vergnas: Let G = (B,W ) be a balanced bipartite graph. If for any b ∈ B

and w ∈ W , where b and w are nonadjacent, we have d(w)+ d(b) ≥ |G|/2+1,

then every perfect matching of G is contained in a Hamilton cycle.

The lower bounds in both results are tight. In this chapter, we reduce

both bounds by 1, and prove that the conclusions still hold, with only a few

exceptional cases that can be clearly characterized.

We will state our main results and their proofs in the following sections.

6.1 Main results

Let G be a graph with vertex set V (G) and edge set E(G). We denote by ν

or |G| the order of V (G). For u ∈ V (G), we denote by d(u) the degree of u,

101
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and N(u) or NG(u) the set of neighbors of u in G. For a subgraph H of G

and a vertex u ∈ V (G−H), we also denote by NH(u) the set of neighbors of

u in H. For any two disjoint vertex sets X, Y of G we denote by e(X,Y ) the

number of edges of G from X to Y . For u, v ∈ V (G), we denote by d(u, v) the

distance between u and v, that is, the length of the shortest path connecting

u and v. By uv+ (uv−) we denote that the vertices u and v are adjacent

(nonadjacent). If a vertex u sends (no) edges to X, where X is a subgraph

or a vertex subset of G, we write u → X (u � X). By nK2, we denote a

graph consisting of n independent edges. Let (u, v) denote an arc from u to

v. If (w, u) ∈ A(D) and (w, v) ∈ A(D), then we say that the pair {u, v} is

dominated, if (u,w) ∈ A(D) and (v,w) ∈ A(D), then we say that the pair

{u, v} is dominating. The complete digraph on n ≥ 1 vertices, denoted by
←→
K n,

is obtained from the complete graph Kn by replacing every edge xy with two

arcs (x, y) and (y, x). Without causing ambiguity, we use In to denote a graph

or a digraph consisting of n independent vertices. Let C = u0u1 . . . um−1u0 be

a cycle in a graph G. Throughout Chapter 6, the subscript of ui is reduced

modulo m. We always orient C such that ui+1 is the successor of ui.

If U ⊆ V (C) , the set of predecessors and successors of U on C is denoted

by U− and U+ respectively, or u− and u+ when U contains only one vertex

u. For 0 ≤ i, j ≤ m − 1, the path uiui+1 . . . uj is denoted by uiC
+uj, while

the path uiui−1 . . . uj is denoted by uiC
−uj. For a path P = v0v1 . . . vp−1 and

0 ≤ i, j ≤ p− 1, the segment of P from vi to vj is denoted by viPvj.

A matching M of G is a subset of E(G) in which no two elements share a

common end vertex. If every v ∈ V (G) is covered by an edge in M then M

is said to be a perfect matching of G. For a matching M , an M -alternating

path (M -alternating cycle) is a path (cycle) of which the edges appear alter-

nately in M and E(G)\M . We call an edge in M or an M -alternating path

starting and ending with edges in M a closed M -alternating path, while an

edge in E(G)\M or an M -alternating path starting and ending with edges in

E(G)\M an open M -alternating path.

Let m, n ≥ 1 be integers. Let D1 be the set of all digraphs obtained

by identifying one vertex of
←→
K n+1 with one vertex of

←→
K m+1. Let D2 be an

arbitrary digraph on n vertices, and take a copy of In+1. Let D2 be the set of

all digraphs obtained by adding arcs of two directions between every vertex
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of In+1 and every vertex of D2. Let D3 be as shown in Figure 6.1, and take a

copy of
←→
K n. Let D3 be the set of all graphs constructed by adding arcs of two

directions between vi, i = 0, 1, and every vertex of
←→
K n, and possibly, adding

any of the arcs (v0, v1) and (v1, v0), or both. Finally, let D4 be the digraph

showed in Figure 6.2. Our main result is as below.

Theorem 6.1.1. Let D be a digraph. For every vertex pair u and v, where
there is no arc from u to v, we have d+(u) + d−(v) ≥ |D| − 1, then D has a
directed Hamilton cycle, unless D ∈ D1, D2 or D3, or D = D4.

Let G1 be the class of graphs G constructed by identifying an edge of one

Km+1,m+1 and one Kn+1,n+1, and M1 be the set of all perfect matchings of G

containing the identified edge. Let G2 be the class of graphs G, constructed by

taking a copy of (n+1)K2 with bipartition (B, W ), and an arbitrary bipartite

graph G2 with bipartition (B1, W1), where |B1| = |W1| = n, which has at

least one perfect matching, then connecting every vertex in B to every vertex

in W1, and every vertex in W to every vertex in B1. Furthermore, let M2 be

the set of all perfect matchings of G, containing all the edges in (n + 1)K2

(shown thick in Figure 6.3). Let G3 be as shown in Figure 6.4, and G3 the

set of the graphs G constructed by taking one copy of Kn,n with bipartition

(B,W ), and connecting every vertex in B to w0 and w1, every vertex in W to

b0 and b1, and possibly, adding any of the edges w0b1, w1b0, or both. Let M3

be the set of perfect matchings of G, containing the thick edges in G3. Finally,

we let graph G4 be the graph in Figure 6.5, and M4 the perfect matching of

it, consisting of the thick edges. We have the following version of our main

theorem.

Theorem 6.1.2. Let G = (W,B) be a bipartite graph with a perfect matching
M , such that for every vertex pair w ∈ W and b ∈ B with wb−, we have
d(w) + d(b) ≥ ν/2 + 1. Then G has an M -alternating Hamilton cycle, unless
one of the following holds.

(1) G ∈ G1, and M ∈ M1.

(2) G ∈ G2, and M ∈ M2.

(3) G ∈ G3, and M ∈ M3.

(4) G = G4 and M = M4.

Since the two results are equivalent, we only prove Theorem 6.1.2 in the

next section. Before that, let us say a few words on the non-existence of
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Figure 6.1: Exceptional graph family: D3

Figure 6.2: Exceptional graph D4

M -alternating Hamilton cycles in the four exceptional cases. In Case (1), an

M -alternating cycle of G must contain the identified edge, whose endvertices

form a vertex cut of G, so G does not have an M -alternating Hamilton cycle.

In Case (2), if there is an M -alternating Hamilton cycle C of G, then the

edges on C that belong to M must be in (n + 1)K2 and G2 alternately, but

there is one more such edge in (n+1)K2, a contradiction. In Case (3), we can

not have an M -alternating Hamilton cycle containing both e0 and e1. Finally

in Case (4), the non-existence of any M -alternating Hamilton cycle can be

verified directly.

6.2 Proof of Theorem 6.1.2

Let G = (W,B) be a bipartite graph satisfying the condition of the theo-

rem, and let M be a perfect matching of G. Suppose that G does not have

an M -alternating Hamilton cycle. We prove the theorem by characterizing G.
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Figure 6.4: Exceptional graph family: G3

Figure 6.5: Exceptional graph G4



106 Chapter 6

The following two lemmas will be used in our proof.

Lemma 6.2.1. Let G = (W,B) be a bipartite graph with a perfect matching
M . Let C = u0u1 . . . u2m−1u0 be a longest M -alternating cycle in G, where
u2i ∈ W , u2i+1 ∈ B, and u2iu2i+1 ∈ M , 0 ≤ i ≤ m − 1. Let b ∈ B, w ∈ W
be the ending vertices of a closed M -alternating path P in G− C. Then, for
every 0 ≤ i ≤ m − 1, either u2ib− or u2i−1w−. Furthermore, if b → C and
w → C, then |NC(b)| + |NC(w)| ≤ m− |P |/2 + 1.

Proof. If there exists 0 ≤ k ≤ m − 1, such that u2kb+ and u2k−1w+, then
u2kC

+u2k−1wPbu2k is an M -alternating cycle longer than C, a contradiction.
Thus, for 0 ≤ i ≤ m− 1, either u2ib− or u2i−1w−.

If b → C and w → C, let u2r ∈ NC(b) and u2s−1 ∈ NC(w) be such that
P ′ = u2sC

+u2r−1 is the shortest. Then, there is no neighbor of w and b on
P ′. Since C is the longest, we have |P ′| ≥ |P |. So |NC(w)| + |NC(b)| ≤
2 + (|C| − |P ′| − 2)/2 = m− |P ′|/2 + 1 ≤ m− |P |/2 + 1.

Lemma 6.2.2. Let G be a bipartite graph with a perfect matching M . Let
C = u0u1 . . . u2m−1u0 be a longest M -alternating cycle in G, where u2iu2i+1 ∈
M , 0 ≤ i ≤ m−1. Let C1 be an M -alternating cycle in G−C. For any vertex
set {u2i−1, u2i}, 0 ≤ i ≤ m− 1, either u2i−1 � C1 or u2i � C1.

Proof. Suppose there exists 0 ≤ k ≤ m − 1 such that u2k−1 → C1 and
u2k → C1. Let b ∈ NC1(u2k) and w ∈ NC1(u2k−1). We can always find a
closed M -alternating path, P , as a segment of C1, connecting b and w. Then
u2kC

+u2k−1wPbu2k is an M -alternating cycle longer than C, contradicting
our condition.

In our proof, some important intermediate results are shown as claims.

Claim 1. There is anM -alternating cycle in G whose length is at least ν/2+1.

Proof. Let P = u0u1 . . . u2p−1 be a longest closed M -alternating path in G.
Then all neighbors of u0 and u2p−1 in G should be on P .

If u0u2p−1+, then we obtain a cycle C = u0u1 . . . u2p−1u0. Since P is the
longest, e(V (C), V (G − C)) = 0. However, G is connected, so C must be an
M -alternating Hamilton cycle and the claim holds.
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If u0u2p−1−, by our condition, d(u0) + d(u2p−1) ≥ ν/2 + 1. Without lost
of generality, assume that d(u0) ≥ d(u2p−1) and let u2i−1 be the neighbor of
u0 with the maximum i, 1 ≤ i ≤ p. Then, i ≥ (ν/2 + 1)/2 and u0Pu2i−1u0
is an M -alternating cycle with length at least 2i ≥ ν/2 + 1. This proves our
claim.

Now let C = u0u1 . . . u2m−1u0 be a longest M -alternating cycle in G,

where u2i ∈ W , u2i−1 ∈ B and u2iu2i+1 ∈ M . Let G1 = G − C. Denote the

neighborhood and degree of v ∈ V (G1) in G1 by N1(v) and d1(v). By Claim

1, |G1| ≤ ν/2− 1.

Let P1 = v0v1 . . . v2p1−1 be a longest closed M -alternating path in G1,

where v2i ∈ W and v2i+1 ∈ B, 0 ≤ i ≤ p1 − 1. Then N1(v0), N1(v2p1−1) ⊆
V (P1), and d1(v0), d1(v2p1−1) ≤ p1. Firstly, we prove that v0 → C and

v2p1−1 → C.

If v0 � C and v2p1−1 � C, then d(v0) + d(v2p1−1) ≤ 2p1 ≤ |G1| ≤
ν/2 − 1. By the condition of our theorem, v0v2p1−1+, and we get a cycle

C1 = v0v1 . . . v2p1−1v0 in G1. By Lemma 6.2.2, for any two vertices u2i−1 and

u2i on C, at least one of them, say u2i � C1. Then d(u2i) ≤ ν/2 − p1. But

then d(u2i) + d(v2p1−1) ≤ ν/2, contradicting the condition of the theorem.

If only one of v0 and v2p1−1, say v0 → C. Let a neighbor of v0 on C be

u2j−1, by Lemma 6.2.1, u2j sends no edge to P1, so d(u2j) ≤ ν/2 − p1, and

d(u2j) + d(v2p1−1) ≤ ν/2, again contradicting the condition of the theorem.

Therefore v0 → C and v2p1−1 → C.

By Lemma 6.2.1, |NC(v0)|+ |NC(v2p1−1)| ≤ m− p1 + 1. Therefore,

d(v0) + d(v2p1−1) ≤ 2p1 + (m− p1 + 1)

= m+ p1 + 1

≤ m+ |G1|/2 + 1

= ν/2 + 1. (6.1)

If v0v2p1−1−, then by our condition, d(v0) + d(v2p1−1) ≥ ν/2 + 1 and hence

equalities in (6.1) hold. But then we must have v0v2p1−1+, a contradiction.

So v0v2p1−1+, and we get a cycle C1 = v0v1 . . . v2p1−1v0.
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If G1 − C1 is nonempty, then there exists an edge wb ∈ M ∩ E(G1 − C1),

where w ∈ W and b ∈ B. By the choice of P1, e(V (C1), V (G1 − C1)) = 0.

By our condition, d(w) + d(b) + d(v0) + d(v2p1−1) ≥ 2(ν/2 + 1) = ν + 2.

However, by Lemma 6.2.1, |NC(w)| + |NC(b)| ≤ m, and hence d(w) + d(b) ≤
|G1| − 2p1 + m, while d(v0) + d(v2p1−1) ≤ m + p1 + 1 by (6.1), therefore

d(w) + d(b) + d(v0) + d(v2p1−1) ≤ |G1|+ 2m− p1 + 1 = ν − p1 + 1 < ν + 1, a

contradiction. Hence, G1 −C1 must be empty. Then |G1| = 2p1 and C1 is an

M -alternating Hamilton cycle of G1.

We claim that every vertex of G1 sends some edges to C. Let v be any

vertex in G1. Since G1 has an M -alternating Hamilton cycle C1, we can choose

a closed M -alternating Hamilton path P1 of G1 starting from v. By the above

discussion, v sends some edges to C.

For a longest M -alternating cycle C in G, we call the graph G1 = G−C a

critical graph (with respect to C) and a closed M -alternating Hamilton path

of G1, P1 = v0v1 . . . v2p1−1, where v2i ∈ W and v2i+1 ∈ B, a critical path,

or a critical edge if |P1| = 2. For a critical path P1, we can always find

u2s−1 ∈ NC(v0) and u2r ∈ NC(v2p1−1), such that P2 = u2sC
+u2r−1 is the

shortest. We let R = u2rC
+u2s−1.

By Lemma 6.2.2, u2s � G1 and u2r−1 � G1. Further, for any edge

u2i−1u2i on R, we must have e({u2i−1, u2i}, {u2s, u2r−1}) ≤ 1, or we get an

M -alternating Hamilton cycle

u2rC
+u2i−1u2sC

+u2r−1u2iC
+u2s−1v0P1v2p1−1u2r.

Hence,

d(u2s) + d(u2r−1) ≤ |P2|+ 2 + (|R| − 2)/2 = |P2|+ |R|/2 + 1. (6.2)

Moreover,

d(v0) + d(v2p1−1) ≤ 2p1 + 2 + (|R| − 2)/2 = 2p1 + |R|/2 + 1. (6.3)

So,

d(u2s) + d(u2r−1) + d(v0) + d(v2p1−1) ≤ 2p1 + |P2|+ |R|+ 2 = ν + 2.(6.4)
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However v0u2r−1− and v2p1−1u2s−, by our condition,

d(u2s) + d(u2r−1) + d(v0) + d(v2p1−1) ≥ 2(ν/2 + 1) = ν + 2. (6.5)

So all equalities in (6.2), (6.3), (6.4) and (6.5) must hold. To get equality in

(6.3), each of v0 and v2p1−1 must be adjacent to all vertices in the other class of

the bipartition ofG1, and for any edge u2i−1u2i onR, e({u2i−1, u2i}, {v0, v2p1−1})
= 1. Therefore, for a critical path P1 = v0v1 . . . v2p1−1, we find two closed M -

alternating paths R and P2 as segments of C, such that V (C) = V (R)∪V (P2),

where the ending vertices of R are adjacent to v0 and v2p1−1, respectively,

and for any edge u2i−1u2i /∈ M on R, e({u2i−1, u2i}, {v0, v2p1−1}) = 1, while

e(V (P2), {v0, v2p1−1}) = 0. We call P2 the opposite path, and R the central

path for P1.

Furthermore, to get equality in (6.2), each of u2s and u2r−1 must be adja-

cent to all other vertices on P2 in the other class of the bipartition.

Claim 2. A critical graph G1 is complete bipartite.

Proof. Since C1 is an M -alternating Hamilton cycle of G1, for any vertex
v ∈ V (G1), P1 can be chosen so that it is starting from v. By the equality of
(6.3), v sends edges to every vertex in the other class of the bipartition of G1.

Let G2 = G[V (P2)]. We call G2 the opposite graph. We choose C, G1 and

P1 so that the opposite path P2 is the shortest.

Claim 3. e(V (G1), V (G2)) = 0, and each of u2s−1 and u2r is adjacent to every
vertex of G1 in the other class of the bipartition.

Proof. If |G1| = 2 the conclusion holds. We assume that |G1| ≥ 4.

For any closed M -alternating Hamilton path P ′
1 of G1 with ending vertices

w ∈ W and b ∈ B, we can find an opposite path P ′
2 and a central path R′ for

P ′
1. Since P2 is chosen as the shortest, |P ′

2| ≥ |P2| and |R′| ≤ |R|. Similar to
(6.3) we have

d(w) + d(b) ≤ 2p1 + |R′|/2 + 1 ≤ 2p1 + |R|/2 + 1. (6.6)

Together with (6.2), we have

d(u2s) + d(u2r−1) + d(w) + d(b) ≤ ν + 2. (6.7)
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Since wu2r−1− and bu2s−, by the condition given,

d(u2s) + d(u2r−1) + d(w) + d(b) ≥ 2(ν/2 + 1) = ν + 2. (6.8)

Hence all equalities in (6.6), (6.7) and (6.8) must hold. Therefore |R| =
|R′|, |P ′

2| = |P2|, d(w) = d(v0) = ν/2 + 1 − d(u2r−1) and d(b) = d(v2p1−1) =
ν/2 + 1− d(u2s). In other words, all opposite paths have the same length, all
central paths have the same length, all vertices in V (G1) ∩W have the same
degree ν/2+1− d(u2r−1), and all vertices in V (G1)∩B have the same degree
ν/2 + 1− d(u2s).

Let b �= v2p1−1 be a vertex in V (G1)∩B, and assume that b has a neighbor
u2r′ on P2. Since G1 is complete bipartite we can always find a closed M -
alternating path P ′′

1 connecting v0 and b in G1. Let P ′′
2 = u2sC

+u2r′−1 and
R′′ = u2r′C

+u2s−1. For any vertex pair {u2i−1, u2i} on the path R′′, we have
e({u2i−1, u2i}, {u2s, u2r′−1}) ≤ 1, or we get an M -alternating cycle

u2r′C
+u2i−1u2sC

+u2r′−1u2iC
+u2s−1v0P

′′
1 bu2r′ ,

which is longer than C. Therefore,

d(u2s)+d(u2r′−1) ≤ |P ′′
2 |+2+(|R′′|−2)/2 = |P ′′

2 |+|R′′|/2+1 < |P2|+|R|/2+1.

By d(v0) + d(b) = d(v0) + d(v2p1−1) = 2p1 + |R|/2 + 1, we have d(u2s) +
d(u2r′−1)+d(v0)+d(b) < (|P2|+|R|/2+1)+(2p1+|R|/2+1) = ν+2. However,
since u2sb− and u2r′−1v0−, by our condition, d(u2s)+d(u2r′−1)+d(v0)+d(b) ≥
ν + 2, a contradiction. Hence b, and similarly any w ∈ V (G1) ∩W , does not
have any neighbor on P2. That is, e(V (G1), V (G2)) = 0.

For any closed M -alternating Hamilton path P ′
1 of G1 with ending vertices

w ∈ W and b ∈ B, let P ′
2 be one opposite path of it. Since w and b send no

edges to P2, P2 must be part of P ′
2. However, all opposite paths have the same

length, so |P ′
2| = |P2|, and therefore P ′

2 = P2. Then, wu2r−1+ and bu2s+.
Since any vertex in G1 can be an ending vertex of a closed M -alternating
Hamilton path of G1, this completes the proof of the second part of the claim.

Claim 4. G2 is complete bipartite, and each of u2s−1 and u2r is adjacent to
every vertex of G2 in the other class of the bipartition.

Proof. By the above discussion, we have a cycle C2 = u2sC
+u2r−1u2s. Since

e(V (G1), V (G2)) = 0, for every edge u2j−1u2j on P2, where s+1 ≤ j ≤ r− 1,
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we can replace u2r−1 with u2j−1 and u2s with u2j in (6.2), (6.4) and (6.5),
and all equalities must hold. So, each of u2j−1 and u2j must be adjacent to
all other vertices in the other class of the bipartition on P2, u2j−1u2r+ and
u2ju2s−1+, therefore the claim holds.

For convenience we change some notations henceforth. We let |G2| = 2p2
and the vertices of G2 be v′0, v

′
1, . . . , v

′
2p2−1, where v′2jv

′
2j+1 ∈ M , for 0 ≤ j ≤

p2 − 1, and let R = u0u1 . . . u2r−1.

Now we discuss the situations case by case, with respect to the length of

R and the distribution of edges between R and Gi, i = 1, 2.

Case 1. |R| = 2.

Then R = u0u1. By Claim 3 and Claim 4, for any 0 ≤ i ≤ p1 − 1 and

0 ≤ j ≤ p2 − 1, u0v2i+1+, u0v
′
2j+1+, u1v2i+ and u1v

′
2j+. Therefore G ∈ G1

and M ∈ M1.

Case 2. |R| ≥ 4.

Claim 5. For j = 1, 2, and every edge u2i−1u2i, 1 ≤ i ≤ r− 1, exactly one of
u2i−1 → Gj and u2i → Gj holds. Furthermore, if u2i−1 → Gj or u2i → Gj , it
is adjacent to all vertices of Gj in the other class of the bipartition.

Proof. Firstly, we prove that for j = 1, 2 and every edge u2i−1u2i, 1 ≤ i ≤ r−1,
u2i−1 � Gj or u2i � Gj . By Lemma 6.2.2, the conclusion holds for G1. Now
we prove it for G2. Suppose to the contrary that there exists 1 ≤ l ≤ r − 1
such that u2l−1 → G2 and u2l → G2, and let v′2s ∈ NG2(u2l−1) and v′2t+1 ∈
NG2(u2l). If |G2| = 2 or t �= s, we can find a closed M -alternating Hamilton
path Q of G2 connecting v′2s and v′2t−1, and hence we have an M -alternating
Hamilton cycle

u0Ru2l−1v
′
2sQv′2t−1u2lRu2r−1v0P1v2p1−1u0

of G, contradicting our assumption. If |G2| ≥ 4 and t = s, let P ′
2 be a closed

M -alternating Hamilton path of G2 − {v′2s, v′2s+1}. Then P ′
2 is an opposite

path for P1, with the central path u0Ru2l−1v
′
2sv

′
2s+1u2lRu2r−1, which is shorter

than P2, contradicting our choice of P2. Hence u2i−1 � G2 or u2i � G2, for
1 ≤ i ≤ r − 1.

Arbitrarily choose 0 ≤ l ≤ p1 − 1 and 0 ≤ k ≤ p2 − 1. We have d(v2l) +
d(v2l+1) ≤ 2p1+2+(|R|−2)/2 = 2p1+r+1 and similarly d(v′2k)+d(v′2k+1) ≤



112 Chapter 6

2p2 + r + 1. So

d(v2l) + d(v2l+1) + d(v′2k) + d(v′2k+1) ≤ 2p1 + 2p2 + 2r + 2 = ν + 2. (6.9)

However v2lv
′
2k+1− and v2l+1v

′
2k−, by the condition of the theorem,

d(v2l) + d(v′2k+1) + d(v2l+1) + d(v′2k) ≥ 2(ν/2 + 1) = ν + 2, (6.10)

and all equalities must hold. To obtain equalities, for j = 1, 2, and every
edge u2i−1u2i, 1 ≤ i ≤ r − 1, exactly one of u2i−1 → Gj and u2i → Gj

must hold. Furthermore, since l and k are arbitrarily chosen, we prove that if
u2i−1 → Gj or u2i → Gj , it is adjacent to vertices of Gj in the other class of
the bipartition.

Let 1 ≤ i ≤ r−1. We define E1 (E
′
1) to be the set of edges u2i−1u2i, where

u2i−1v2j+, for every 0 ≤ j ≤ p1− 1 (u2i−1v
′
2k+, for every 0 ≤ k ≤ p2− 1), and

E2 (E′
2) to be the set of edges u2i−1u2i, where u2iv2j+1+, for every 0 ≤ j ≤

p1 − 1 (u2iv
′
2k+1+, for every 0 ≤ k ≤ p2 − 1).

By Claim 5, for every 1 ≤ i ≤ r− 1, u2i−1u2i ∈ E1 ∩E′
1, E1 ∩E′

2, E2 ∩E′
1

or E2 ∩ E′
2. Accordingly, we say that u2i−1u2i is an edge of type I, II, III or

IV for G1, G2 and R. Let the number of edges u2i−1u2i belonging to E1 ∩E′
1,

E1 ∩ E′
2, E2 ∩ E′

1 and E2 ∩ E′
2 be t11, t12, t21 and t22, respectively. We have

d(v0) = t11 + t12 + p1 + 1, d(v1) = t22 + t21 + p1 +1, d(v′0) = t11 + t21 + p2 +1

and d(v′1) = t22 + t12 + p2 + 1.

Since equalities hold in (6.9) and (6.10), we have d(v2l) + d(v′2k+1) =

d(v2l+1) + d(v′2k) = ν/2 + 1 for any 0 ≤ l ≤ p1 − 1 and 0 ≤ k ≤ p2 − 1,

Hence

t11 + t22 + 2t12 + p1 + p2 + 2 = d(v0) + d(v′1)

= ν/2 + 1

= d(v1) + d(v′0)

= t11 + t22 + 2t21 + p1 + p2 + 2. (6.11)

So t12 = t21.

We let t1 = t11, t2 = t22 and t0 = t12 = t21. Then t1 + t2 + 2t0 = r − 1.

We summarise some structural results in the form of observations.
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Observation 1. If there exists 1 ≤ j < i ≤ r − 1, such that u2i−1u2i ∈ E1

(E′
1) and u2j−1u2j ∈ E′

2 (E2), then u2j−1u2i−.

Proof. If u2j−1u2i+, we obtain an M -alternating Hamilton cycle

u0Ru2j−1u2iRu2r−1v
′
0P2v

′
2p2−1u2jRu2i−1v0P1v2p1−1u0

(u0Ru2j−1u2iRu2r−1v0P1v2p1−1u2jRu2i−1v
′
0P2v

′
2p2−1u0),

contradicting our assumption.

Observation 2. If there exists 1 ≤ i ≤ r − 2, such that u2i−1u2i ∈ E1 and
u2i+1u2i+2 ∈ E2, then u2iu2i+1 is a critical edge, |G1| = |G2| = 2, and exactly
one of u2iv

′
1+ and u2i+1u0+ (u2i+1v

′
0+ and u2iu2r−1+) holds.

If there exists 1 ≤ i ≤ r− 2, such that u2i−1u2i ∈ E′
1 and u2i+1u2i+2 ∈ E′

2,
then u2iu2i+1 is a critical edge, |G1| = 2, and exactly one of u2iv1+ and
u2i+1u0+ (u2i+1v0+ and u2iu2r−1+) holds.

Proof. Suppose there exists 1 ≤ i ≤ r − 2, such that u2i−1u2i ∈ E1 and
u2i+1u2i+2 ∈ E2. Then u2iu2i+1 is a critical edge with respect to the M -
alternating cycle

u0Ru2i−1v0P1v2p1−1u2i+2Ru2r−1v
′
0P2v

′
2p2−1u0,

where P1 is an opposite path. Since G1 is critical, |G1| = 2. Since |P1| = 2,
and P2 is a shortest opposite path, |G2| = 2. Since u0v

′
1 (u2r−1v

′
0) are on a

central path for the critical edge u2iu2i+1 and the opposite path v0v1, exactly
one of u2i+1u0+ and u2iv

′
1+ (u2i+1v

′
0+ and u2iu2r−1+) holds.

Now suppose there exists 1 ≤ i ≤ r − 2, such that u2i−1u2i ∈ E′
1 and

u2i+1u2i+2 ∈ E′
2. Then u2iu2i+1 is a critical edge with respect to the M -

alternating cycle

u0Ru2i−1v
′
0P2v

′
2p2−1u2i+2Ru2r−1v0P1v2p1−1u0,

where P2 is an opposite path. Since G1 is critical, |G1| = 2. Since u0v1
(u2r−1v0) are on a central path for the critical edge u2iu2i+1 and the opposite
path P2, exactly one of u2i+1u0+ and u2iv1+ (u2i+1v0+ and u2iu2r−1+) holds.

Observation 3. If there exists 1 ≤ i < k < j ≤ r−1, such that u2i−1u2i ∈ E1

(E′
1), u2j−1u2j ∈ E2 (E

′
2), u2k−1u2k ∈ E′

2 (E2) and u2k−1u0+, then u2iu2j−1−.
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Proof. If u2iu2j−1+, we obtain an M -alternating Hamilton cycle

u0Ru2i−1v0P1v2p1−1u2jRu2r−1v
′
0P2v

′
2p2−1u2kRu2j−1u2iRu2k−1u0,

contradicting our assumption.

By symmetry, the statement holds under the other situation.

Claim 6. |G1| = 2.

Proof. Suppose |G1| ≥ 4. By Observation 2, there does not exist 1 ≤ i ≤ r−1,
such that u2i−1u2i ∈ E1 (E′

1) and u2i+1u2i+2 ∈ E2 (E′
2). Therefore, there can

not exist i < j, such that u2i−1u2i ∈ E1 (E
′
1) and u2j−1u2j ∈ E2 (E

′
2). In other

words, there exists an integer 0 ≤ k1 ≤ r − 1 (0 ≤ k2 ≤ r − 1), such that for
all i ≤ k1 (j ≤ k2), u2i−1u2i ∈ E2 (u2j−1u2j ∈ E′

2) and for all i > k1 (j > k2),
u2i−1u2i ∈ E1 (u2j−1u2j ∈ E′

1). It is easily seen that t0 = 0 and k1 = k2. We
let k = k1 = k2.

Suppose that t1, t2 �= 0, or equally, 1 ≤ k ≤ r − 2. Consider the vertices
u2k−1 and u2k+2. By Observation 1, for all j ≥ k + 1, u2k−1u2j−, and for all
j ≤ k, u2k+2u2j−1−. Particularly, u2k−1u2k+2−. But then we have d(u2k−1) ≤
k+1, d(u2k+2) ≤ r−k and d(u2k−1)+d(u2k+2) ≤ r+1 < ν/2+1, contradicting
our condition.

Suppose one of t1 and t2, say t1 = 0. Then for 1 ≤ i ≤ r− 1, d(u2i−1) ≤ r.
Moreover d(v0) = p1 + 1, so d(u2i−1) + d(v0) ≤ r + p1 + 1 < ν/2 + 1 but
v0u2i−1−, a contradiction.

So we must have |G1| = 2.

Claim 7. Either t0 = 0, or t1 = t2 = 0.

Proof. Suppose that t0 > 0, and one of t1 and t2 is greater than 0. Without
lost of generality, we may assume that t1 ≥ t2, and so t1 > 0.

Let u2i−1u2i ∈ E1∩E′
1, 1 ≤ i ≤ r−1, be such that i is the maximum. Then

by our condition, d(u2i) + d(v1) ≥ ν/2 + 1. Hence, d(u2i) ≥ ν/2 + 1− d(v1) =
ν/2 + 1 − (t2 + t0 + 2) = t1 + t0 + ν/2 − r. By Observation 1, u2i can
not be adjacent to any u2j−1, where u2j−1u2j ∈ E2 ∪ E′

2 and j < i. Hence
u2i sends at least t1 + t0 + ν/2 − r − (t1 + 1) = t0 + ν/2 − r − 1 edges to
{u2r−1}∪{u2j−1 : u2j−1u2j ∈ E2∪E′

2, j > i+1}. Since t0 > 0 and ν/2−r ≥ 2,
u2i → {u2j−1 : u2j−1u2j ∈ E2 ∪ E′

2, j > i + 1}, so there exists at least one
u2j−1u2j such that j > i+ 1 and u2j−1u2j ∈ E2 ∪E′

2.
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By our choice of u2i−1u2i, u2i+1u2i+2 ∈ E2 ∪ E′
2. If u2i+1u2i+2 ∈ E2, then

by Observation 2, u2iu2i+1 is a critical edge, and exactly one of u2iv
′
1+ and

u2i+1u0+ holds. By u2i−1u2i ∈ E′
1 we have u2iv

′
1−, therefore u2i+1u0+. If

u2i+1u2i+2 ∈ E′
2, then again by Observation 2, u2iu2i+1 is a critical edge, and

exactly one of u2iv1+ and u2i+1u0+ holds. By u2i−1u2i ∈ E1 we have u2iv1−,
hence u2i+1u0+.

Now we discuss different situations of u2i+1u2i+2.

If u2i+1u2i+2 ∈ E2 ∩ E′
2, let j > i + 1 be such that u2iu2j−1+, u2j−1u2j ∈

E2 ∪E′
2. By Observation 3, u2iu2j−1−, a contradiction.

If u2i+1u2i+2 ∈ E1∩E′
2 or E2∩E′

1, without lost of generality, we may assume
that u2i+1u2i+2 ∈ E1 ∩ E′

2. Since u2iu2i+1 is a critical edge and u2i+1v0+, by
Observation 2, we have u2iu2r−1−. For j > i + 1, where u2j−1u2j ∈ E2, by
Observation 3, u2iu2j−1−. Therefore u2i sends at least t0+ν/2−r−1 ≥ t0+1
edges to {u2j−1 : u2j−1u2j ∈ E1 ∩E′

2, j > i+1}. However, the number of such
u2j−1 is at most t0, a contradiction.

Case 2.1. t0 = 0.

Without lost of generality, we may assume that t1 > 0, and let u2i−1u2i ∈
E1 ∩E′

1.

If there exists u2j−1u2j , j < i, such that u2j−1u2j ∈ E2∩E′
2, then u2j−1u2i−

by Observation 1.

If there exists u2j−1u2j , j > i+1, such that u2j−1u2j ∈ E2∩E′
2, then there

exists i ≤ k ≤ j − 1, such that u2k−1u2k ∈ E1 ∩E′
1 and u2k+1u2k+2 ∈ E2 ∩E′

2.

By Observation 2, u2ku2k+1 is a critical edge, and since u2k+1v0− and u2kv1−,

we have u2ku2r−1+ and u2k+1u0+. By Observation 3, u2iu2j−1−.

Hence, for all u2j−1u2j ∈ E2∩E′
2, j �= i+1, u2iu2j−1−. So, d(u2i) ≤ t1+2.

But then

ν/2 + 1 ≤ d(u2i) + d(v1)

≤ t1 + 2 + t2 + 2

= (ν − 2p2 − 2− 2)/2 + 4

= ν/2− p2 + 2. (6.12)

Since p2 ≥ 1, all equalities must hold, hence p2 = 1 and 2r − 1 = ν − 5.

Furthermore, to get d(u2i) = t1 + 2, we must have the following.
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(a) u2i+1u2i+2 ∈ E2 ∩E′
2, hence u2i−1u2i �= uν−7uν−6.

(b) u2iu2j−1+, for all u2j−1u2j ∈ E1 ∩ E′
1.

(c) u2iuν−5+.

By (a), t2 ≥ 0, and similarly, for any u2i−1u2i ∈ E2 ∩E′
2, we can prove the

following.

(d) u2i−3u2i−2 ∈ E1 ∩ E′
1, hence u2i−1u2i �= u1u2.

(e) u2i−1u2j+, for all u2j−1u2j ∈ E2 ∩ E′
2.

(f) u2i−1u0+.

So, the edges u2i−1u2i, 1 ≤ i ≤ ν/2 − 3, belong to E1 ∩ E′
1 and E2 ∩ E′

2

alternatively. Moreover, u1u2 ∈ E1 ∩ E′
1 and uν−7uν−6 ∈ E2 ∩ E′

2. Hence we

must have ν = 4n + 2, for some integer n ≥ 2, u4j+1u4j+2 ∈ E1 ∩ E′
1 and

u4j+3u4j+4 ∈ E2 ∩ E′
2 for 0 ≤ j ≤ n− 2. The vertex sets {u4j+1, u4j+2 : 0 ≤

j ≤ n−2}∪{v0, v′0, u4n−3}, and {u4j+3, u4j+4 : 0 ≤ j ≤ n−2}∪{v1, v′1, u0},
induce complete bipartite subgraphs, respectively.

Let B1 = {u4j+1 : 0 ≤ j ≤ n−1}, W = {u4j+2 : 0 ≤ j ≤ n−2}∪{v0, v0′},
B = {u4j+3 : 0 ≤ j ≤ n − 2} ∪ {v1, v′1} and W1 = {u4j : 0 ≤ j ≤ n − 1}. By

the above discussion, there can be no more edge between B and W . But we

can add edges between B1 and W1 freely, to obtain all graphs G ∈ G2, with

M ∈ M2.

Case 2.2. t1 = t2 = 0. Since t1 + t2 + 2t0 = r− 1, we have r = 2t0 + 1 and r

must be odd.

If there exists 1 ≤ i ≤ r−2, such that u2i−1u2i ∈ E1∩E′
2 and u2i+1u2i+2 ∈

E2 ∩ E′
1 (u2i−1u2i ∈ E2 ∩ E′

1 and u2i+1u2i+2 ∈ E1 ∩ E′
2), we say that an

A-change (B-change) occurs at u2i−1. If there exist i and j, such that 2 ≤
i+1 < j ≤ r− 2, and there is an A-change (B-change) occurring at u2i−1 and

a B-change (A-change) occurring at u2j−1, we say that a change couple occurs

at (u2i−1, u2j−1).

Case 2.2.1. |G2| ≥ 4.

There can not be any A-change, or by Observation 2, |G1| = |G2| = 2.

To avoid any A-change, for 1 ≤ i ≤ (r − 1)/2, u2i−1u2i ∈ E2 ∩ E′
1 and for

(r + 1)/2 ≤ i ≤ r − 1, u2i−1u2i ∈ E1 ∩ E′
2.
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Suppose that r = 3. It is not hard to see that u0u3− and u2u5−, while

each of u0u5 and u1u4 can exist or not. Hence we obtain all the graphs in

class G3, except those with n = 1.

If r ≥ 5, then ur−1ur is a critical edge, with central path ur+1Ru2r−1v0v1u0Rur−2

and opposite graph G2 (Figure 6.6). Consider the edge v1u0 and u1u2 on the

central path. We have v1ur−1+, u0 → G2, u1 → G2, and by Claim 7, u2ur+.

But then an A-change occurs at v1, a contradiction.

ur ur-1

ur+1

. . .

ur+2 u2r-1 v0 v1 u0 ur-3 ur-2

v'1 v'0

v'2p
2
-1

u1 u2

. . .

v'2p
2
-2

Figure 6.6: Contradiction in Case 2.2.1

Case 2.2.2. |G2| = 2.

Then ν = 4n + 6, for some n ≥ 1. For n = 1, it is not hard to verify that

G ∈ G3, M ∈ M3, and we obtain all graphs in G3 together with Case 2.2.1.

For n = 2, it can be checked that G = G4, M = M4. Henceforth we assume

that n ≥ 3, and then r = 2n+ 1 ≥ 7.

We call G1 and G2 a critical edge pair with central path R. Since we have

discussed all other cases, we may assume that for every critical edge pair and

the central path, every edge of the central path that is not in M is of type II

or III.

Let there be a change couple occurring at (u2i−1, u2j−1). Without lost of

generality, suppose that an A-change occurs at u2i−1 and a B-change occurs at

u2j−1, then u2iu2i+1 and u2ju2j+1 are critical edges. Since u2iu2i+1 and v1v0
is a critical edge pair, with the central path u2i+2Ru2r−1v

′
0v

′
1u0Ru2i−1, by our

assumption, u2j−1u2j and u2j+1u2j+2 are of type II or III. By u2jv1+ and

u2j+1v0+, we have u2j−1u2i+ and u2j+2u2i+1+. Similarly, we have u2i−1u2j+
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and u2i+2u2j+1+. However, then we get an M -alternating Hamilton cycle

u0Ru2i−1u2ju2j+1u2i+2Ru2j−1u2iu2i+1v
′
0v

′
1u2j+2Ru2r−1v0v1u0,

a contradiction. Therefore, there exists no any change couple.

By symmetry, we may assume that u1u2 ∈ E1∩E′
2, and let r0 > 0, r1 > r0

and r2 ≥ r1 be such that u1u2, . . ., u2r0−1u2r0 ∈ E1 ∩ E′
2, u2r0+1u2r0+2,

. . ., u2r1−1u2r1 ∈ E2 ∩ E′
1, u2r1+1u2r1+2, . . ., u2r2−1u2r2 ∈ E1 ∩ E′

2 and if

u2r2+1u2r2+2 exists, u2r2+1u2r2+2 ∈ E2 ∩E′
1.

If r1−r0 ≥ 2 and r2−r1 ≥ 1, then a change couple occurs at (u2r0−1, u2r1−1),

a contradiction. Hence, r1 − r0 = 1 or r2 = r1.

If r1−r0 = 1, then r2 > r1, and the edge u2r2+1u2r2+2 exists. If r2−r1 ≥ 2,

a change couple occurs at (u2r1−1, u2r2−1), a contradiction. Therefore r2 =

r1+1. Moreover, if any B-change occurs at u2j−1 where j ≥ r2+1, we obtain

a change couple (u2r0−1, u2j−1), again leading to a contradiction. Hence, we

must have u2r2+1u2r2+2, . . . , u2r−3u2r−2 ∈ E2 ∩E′
1, and then r0 = (r − 3)/2,

r1 = (r − 1)/2 and r2 = (r + 1)/2.

Then ur+1ur+2 and v1v0 is a critical edge pair, with the central path

ur+3Ru2r−1v
′
0v

′
1u0Rur. Again we may assume that the edges of the central

path not in M are of type II or III. Consider the edges ur−4ur−3 and ur−2ur−1.

Since ur−4v0+ and ur−1v1+, we must have ur−3ur+2+ and ur−2ur+1+. Since

r ≥ 7, 2r−3 > r+3. Consider the edge u2r−3u2r−2. Since v1u2r−2+, we must

have u2r−3ur+1+. But then we find a change couple occurring at (u2r−3, ur−4),

a contradiction (Figure 6.7).

u2r-1

ur+2

v1 v0

v'0

ur+1

ur+3 v'1 u0 urur-1ur-2ur-3ur-4u2r-2u2r-3

Figure 6.7: Critical pair ur+1ur+2 and v1v0

If r2 = r1, then u1u2, . . . , ur−2ur−1 ∈ E1∩E′
2 and urur+1, . . . , u2r−3u2r−2 ∈
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E2 ∩ E′
1. Then, ur−1ur and v0v1 is a critical pair, with the central path

ur+1Ru2r−1v
′
0v

′
1u0Rur−2. For the edges u2i−1u2i with (r + 3)/2 ≤ i ≤ r − 1,

v1u2i+, so we must have u2i−1ur−1+. For the edges u2i−1u2i with 1 ≤ i ≤
(r− 3)/2, v0u2i−1+, so we must have u2iur+. For the edge u2r−1v

′
0 and v′1u0,

we have u2r−1v0+, v′0ur+, v′1ur−1+ and u0v1+. Thus we reach a similar con-

figuration as in the case that r1 − r0 = 1.

6.3 Concluding remarks

Most of the degree sum conditions for hamiltonian problems involve indepen-

dent vertex sets. In our work, we try to strengthen the condition of our main

theorem, by replacing “for every vertex pair u and v, where there is no arc

from u to v”with “for every vertex pair u and v”. Naturally, if the former con-

dition guarantees hamiltonicity without exception, then such a strengthening

brings nothing. But in the case where there are exceptions, we do find some

differences. Let D′
1 be a subset of D1, in which n = m. Let D′

3 be a subset of

D3, where n = 1. We have the following result.

Theorem 6.3.1. Let D be a digraph. If for every vertex pair u and v, we
have d+(u) + d−(v) ≥ |D| − 1, then D has a directed Hamilton cycle, unless
D ∈ D′

1, D2 or D′
3, or D = D4.

As a corollary, we can improve the Ore condition as well. Given an (undi-

rected) graph G, if we replace every edge uv ∈ E(G) with two arcs uv and vu,

we have a digraph D. Applying Theorem 6.1.1 on D, we obtain the following

result.

Let n,m ≥ 1, and G5 be the set of graphs obtained by identifying one

vertex of a complete graph Km+1 with one vertex of a complete graph Kn+1.

Let G6 be the set of all graphs obtained by joining every vertex of a graph

In+1 to every vertex of an arbitrary graph on n vertices.

Corollary 6.3.2. Let G be a graph. If for every distinct nonadjacent vertex
pair u and v, we have d(u) + d(v) ≥ |G| − 1, then G has a Hamilton cycle,
unless G ∈ G5, or G ∈ G6.

A slightly stronger result can be found in [100]. There is only one excep-

tional class, for it considers only 2-connected graphs.
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Theorem 6.3.3. (Li, Li and Feng) Let G be a 2-connected graph with |G| ≥ 3.
If d(u) + d(v) ≥ |G| − 1 for every pair of vertices u and v with d(u, v) = 2,
then G has a Hamilton cycle, unless |G| is odd and G ∈ G6.

Stimulated by the above results, we conjecture that the lower bound on

the degree sum in the following result can be reduced by 1, with only a few

exceptional cases which can be characterized clearly.

Theorem 6.3.4. (Bang-Jensen, Gutin and Li [17]) Let D be a strong di-
graph such that for every pair of dominating non-adjacent and every pair of
dominated non-adjacent vertices {u, v}, we have min{d+(u) + d−(v), d−(u) +
d+(v)} ≥ |D|. Then D has a directed Hamilton cycle.



Chapter 7

Triangle strings: structures

for augmentation of

vertex-disjoint triangle sets

Vertex-disjoint triangle sets (triangle sets for short) have been studied exten-

sively. Many theoretical and computational results have been obtained. While

the maximum triangle set problem can be viewed as generalization of the max-

imum matching problem, there seems no parallel result to Berge’s augmenting

path characterization on maximum matching. In this chapter, we describe a

class of structures called triangle string, which turns out to be equivalent to

the class of union of two triangle sets in a graph. Based on the concept of

triangle sets, a sufficient and necessary condition for a triangle set to be aug-

mented is given. Furthermore, we provide an algorithm to determine whether

a graph G with maximum degree 4 is a triangle string, and if G is a triangle

string, to compute a maximum triangle set of G. Finally, we give a sufficient

and necessary condition for a triangle string to have a triangle factor.

We use 〈T 〉 to denote the graph consisting of all the triangles in a triangle

set T , and say that it is the graph of T . We often consider 〈T1〉 ∪ 〈T2〉, the
union of the graphs of two triangle sets T1 and T2, which is called the union

graph of T1 and T2 in this thesis.

Let u be a vertex of degree d in a graph G. Then we say that u is a d-vertex

in G. Let T = uvwu be a triangle in G, where the degree of u, v and w are

121
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du, dv and dw in G. Then we say that T is a (du, dv , dw)-triangle in G. We

also say that the degree sequence of T in G is (du, dv , dw).

7.1 Triangle strings

In this section we describe the triangle string structure. The following opera-

tions are to be used in the construction of triangle strings.

Let G be a graph. The operations (1), (2) and (3) below are called triangle-

additions.

(1) Let w be a 2-vertex in G, add two new vertices u and v to G, and add

edges to form a triangle on u, v and w.

(2) Let v and w be two nonadjacent 2-vertices at odd distance in G, add

a new vertex u to G, and add edges to form a triangle on u, v and w.

(3) Let u, v and w be three pairwise nonadjacent 2-vertices at pairwise

odd distance in G, add edges to form a triangle on u, v and w.

Denote by K−
4 the graph obtained from K4 by removing an edge. An

hourglass is a graph isomorphic to K5 − E(C4), i.e. the graph obtained by

removing the edges of a 4-cycle from a K5. The following operations (4) and

(5) are called K−
4 -insertions.

(4) Let w be a 2-vertex in G and u, v the neighbors of w. Replace w with

a K−
4 denoted by K, and let u, v be adjacent to one 2-vertex w1 in K.

(5) Let w be the 4-vertex in an induced hourglass in G. Let the neighbors

of w be u1, u2, v1 and v2, where u1v1 ∈ E(G) and u2v2 ∈ E(G). Replace w

with a K−
4 denoted by K, and let u1 and v1 be adjacent to a 2-vertex w1 in

K, u2 and v2 be adjacent to another 2-vertex w2 in K.

We call a K−
4 in a graph G connected to the other parts of G through the

2-vertices in it a swing K−
4 . Hence, operation (4) and (5) insert swing K−

4 ’s

into G.

A vertex-jointed triangle string S is either a triangle, or obtained from

another vertex-jointed triangle string S′ by performing one triangle addition.

A triangle string S is either a K−
4 , or a vertex-jointed triangle string, or

obtained from another triangle string S′ by performing a K−
4 -insertion.
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It is not hard to see the following properties of a triangle string S.

(a) Every vertex in S should be of degree 2, 3 or 4.

(b) S is vertex-jointed if and only if it contains no vertex of degree 3.

(c) Every 2-vertex in S is contained in one triangle.

(d) Every 3-vertex in S is a 3-vertex in a swing K−
4 , and hence it is con-

tained in two triangles.

(e) Every 4-vertex in S is the 4-vertex in an induced hourglass, and hence

it is contained in two triangles. Furthermore, operation (5) is valid for every

4-vertex in S.

(f) A triangle in S can only have one of the following six degree sequences

in S: (2, 2, 2), (2, 2, 4), (2, 4, 4), (4, 4, 4), (2, 3, 3) and (3, 3, 4).

7.2 Union graph of two triangle sets and an aug-

menting theorem

Let T1 and T2 be two triangle sets in a graph G, and T1 = uvwu be a triangle

in T1. Considering how the vertices of T1 be covered by the triangles in T2, we
have the following cases on the structure near T1 and the degree sequence of

T1 in 〈T1〉 ∪ 〈T2〉.
(1) All vertices of T1 are not covered by T2. Then T1 forms a component

of 〈T1〉 ∪ 〈T2〉, and the degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (2, 2, 2).
(2) There is one vertex u of T1 covered by T2, as shown in Figure 7.1.

Then, u is a vertex of degree 4 in 〈T1〉 ∪ 〈T2〉, and the degree sequence of T1

in 〈T1〉 ∪ 〈T2〉 is (2, 2, 4).

u
T1

Figure 7.1: Case (2): One vertex of T1 covered by T2

(3) There are two vertices u and v of T1 covered by T2. There are two

possible situations.
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(3.1) u and v are covered by different triangles in T2, as shown in Figure

7.2. Then the degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (2, 4, 4).

u

T1

v

Figure 7.2: Case (3.1): Two vertices of T1 covered by different triangles in T2

(3.2) u and v are covered by the same triangle in T2, as shown in Figure

7.3. Then the degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (2, 3, 3).

u

T1

v

Figure 7.3: Case (3.2): Two vertices of T1 covered by the same triangle in T2

(4) All vertices u, v and w of T1 are covered by T2. There are three possible
situations.

(4.1) u, v and w are covered by the same triangle T1 ∈ T2. Then the

degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (2, 2, 2), and T1 forms a component of

〈T1〉 ∪ 〈T2〉.
(4.2) Two vertices of T1, say u and v, are covered by one triangle in T2,

while w is covered by another triangle in T2, as shown in Figure 7.4. Then the

degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (4, 3, 3).

u

T1

v

w

Figure 7.4: Case (4.2): Two vertices of T1 covered
by one triangle, and the other one covered by

another triangle in T2
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(4.3) u, v and w are covered by different triangles in T2, as shown in Figure

7.5. Then the degree sequence of T1 in 〈T1〉 ∪ 〈T2〉 is (4, 4, 4).

u

T1

v

w

Figure 7.5: Case (4.3): All three vertices of T1 covered by different triangles
in T2

By the above discussion, we can see that (a), (c), (d), (e) and (f) also hold

for the union graph 〈T1〉 ∪ 〈T2〉.
We define two operations that will be used in our proofs.

Let T be a triangle of degree sequence (2, 2, 4) or (2, 4, 4) or (4, 4, 4) in

a graph G. We removed the edges of T and the 2-vertices in T . Such an

operation is called a triangle-removal on T . We also say that T is removed

from G.

Suppose the G is a graph not isomorphic to K−
4 . Let K be a swing K−

4

in G with 2-vertices u1 and u2, and 3-vertices v1 and v2. Remove K from G,

add a new vertex k to G, and join the neighbors of u1 and u2 in G other than

v1 and v2 to k. Such an operation is called a K−
4 -absorption on K.

A K−
4 -absorption is obviously the reverse operation of a K−

4 -insertion. But

a triangle-removal on T is not necessarily the reverse operation of a triangle-

addition, because the 4-vertices in T , which become 2-vertices after removing

T , may not be at pairwise odd distance in the graph obtained. However, we

will prove that a triangle-removal in a union graph of two triangle sets is in-

deed the reverse operation of a triangle-addition.

The following lemma is an easy observation and we omit the proof.

Lemma 5. Let T1 and T2 be two triangle sets in a graph G, then any triangle
T in 〈T1〉 ∪ 〈T2〉 must be an element of T1 or T2.
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Theorem 7.1. Let T1 and T2 be two triangle sets in a graph G. Let H be a
component of 〈T1〉 ∪ 〈T2〉. Then, H is a triangle string.

Proof. We apply mathematical induction on the number of edges in H. It
is not hard to verify the conclusion for H having at most 6 edges. Assume
that H has at least 7 edges, and the conclusion holds for any components of
a union graph of two triangle sets with fewer edges than H.

If there is at least one 3-vertex in H, by (d), there is at least one swing K−
4 ,

denoted by K, in H. Let the 2-vertices in K be u1 and u2, and the 3-vertices
in K be v1 and v2. Without loss of generality, assume that the triangles
u1v1v2u1 ∈ T1 and u2v1v2u2 ∈ T2. We perform a K−

4 -absorption by replacing
K with a new vertex k and obtain the graph H ′. Note that u1 is either of
degree 4 or 2 in H. If dH(u1) = 2, we delete the triangle u1v1v2u1 from T1. If
u1 is of degree 4 then it is contained in another triangle u1w1w2u1 ∈ T2, where
{w1, w2}∩ {v1, v2} = ∅. We delete the triangle u1v1v2u1 from T1 and replace
the triangle u1w1w2u1 with kw1w2k in T2. Similarly we handle the triangles
containing u2. Let T ′

1 and T ′
2 be the two triangle sets we obtain. Then H ′

is a component of 〈T ′
1 〉 ∪ 〈T ′

2 〉. By our induction hypothesis, H ′ is a triangle
string. Then H is a triangle string, since it can be obtained from H ′ by one
K−

4 -insertion.

Therefore, we can assume that there is no vertex of degree 3 in H.

Let H ′ be a connected graph obtained from H by performing one triangle-
removal which removes the triangle T . By Lemma 5, T is either in T1 or in
T2. Without loss of generality assume that T ∈ T1. Then H ′ = 〈T1\T 〉 ∪ 〈T2〉,
and by our induction hypothesis, H ′ is a triangle string.

If H contains a triangle of degree sequence (2, 2, 2), then H itself must be
this triangle. But this is impossible since we have assumed that H contains
at least 7 edges.

If H contains a triangle T of degree sequence (2, 2, 4), then we can perform
a triangle-removal on T . The graph H ′ obtained is connected and hence a
triangle string. Therefore, H is a triangle string since it is obtained from H ′

by a triangle-addition adding T to it.

So, we can further assume that H contains (2, 4, 4)-triangles and (4, 4, 4)-
triangles only.

Suppose H contains at least one (2, 4, 4)-triangle. We prove that there
exists one (2, 4, 4)-triangle T , such that removing T from H results in a con-
nected graph H ′. Assume that such a triangle does not exist, then removing
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any (2, 4, 4)-triangle from H results in a graph with two components. We
choose a (2, 4, 4)-triangle T such that removing T from H we obtain a com-
ponent H0 of the minimum order. We claim that H0 has only one 2-vertex,
which is a vertex of T with degree 4 in H. Otherwise, we have at least another
(2, 4, 4)-triangle T0 in H0, which also has degree sequence (2, 4, 4) in H. Re-
moving T0 from H we get a component of order smaller than H0, contradicting
the choice of H0. Hence H0 has one 2-vertex, and the other vertices are of
degree 4. By Lemma 5 T is in T1 or T2, so H0 can be represented as the union
graph of two triangle sets, denoted by T ′

1 and T ′
2 . Since there is no 3-vertex

in H0, no triangle shares a common edge. Let the number of triangles in T ′
1

and T ′
2 be t1 and t2, and assume without loss of generality that the unique

2-vertex is covered by T ′
1 . Since every 4-vertex is covered by one triangle from

T ′
1 and one from T ′

2 , counting the edges of the triangles in T ′
1 and T ′

2 , we have
3t1 = 1

2(2(|H0| − 1) + 2) = |H0| and 3t2 = 1
2(2(|H0| − 1)) = |H0| − 1, which

is impossible since t1, t2 and |H0| are integers. Therefore, there must exist a
(2, 4, 4)-triangle T such that removing it from H results in a connected graph
H ′. Then H ′ is a triangle string.

Let the vertices of T with degree 4 in H be u1 and u2. Then u1 and u2
are 2-vertices in H ′. We prove that u1 and u2 are at odd distance in H ′. Let
the shortest path between u1 and u2 in H ′ be P = x0x1 . . . xl, where x0 = u1
and xl = u2. Since P is the shortest, there could not be any edge xixj in
H ′ for 0 ≤ i, j ≤ l and j > i + 1. If x1 has degree 2 in H ′, then x0 and
x2 must be connected in H ′, a contradiction. Therefore x1, and similarly x2,
. . ., xl−1, must have degree 4 in H ′. Let y0 be the vertex other than x0 and
x1 in the triangle covering x0. Then y0 cannot be joined to xi, 2 ≤ i ≤ l,
or P cannot be the shortest. Since x1 is of degree 4, there must be another
triangle x1x2y1 covering it. Similarly, y1 cannot be joined to any xi, 0 ≤ i ≤ l
and i �= 1, 2. By analogous arguments we conclude that there are triangles
x0x1y0x0, x1x2y1x1, . . ., xl−1xlyl−1xl−1 in H ′, where all yi, 0 ≤ i ≤ l − 1, are
different. All the triangles must also be in H, and by Lemma 5, be in T1 or
T2. Any two triangles sharing a common vertex must be in different triangle
sets, hence the triangles x2mx2m+1y2mx2m, 0 ≤ m ≤ �(l − 1)/2� must be in
the same triangle set. Since x0x1y0x0 and xl−1xlyl−1xl−1 are both adjacent to
T in H, they must be in the same triangle set. Therefore l − 1 must be even,
and l, the length of P , is odd. See Figure 7.6.

Because the distance between u1 and u2 in H ′ is odd, H is obtained from
the triangle string H ′ by a triangle-addition adding T to it. By definition,
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x0=u1 x1 x2 xl=u2xl-1

y0 y1 yl-1

Figure 7.6: The triangles on the edges of P

H is a triangle string. Finally, we assume that H contains only (4, 4, 4)-
triangles. Removing a (4, 4, 4)-triangle T from H, the resulting graph H ′ must
be connected, or we will get a component of H ′ with one vertex of degree 2,
and all other vertices of degree 4, which is impossible by the above discussion.
Then H ′ is a triangle string. We can use arguments similar to the above to
prove that the distances between any two vertices of T in H ′ is odd. Hence
H is obtained from H ′ by a triangle-addition, and it is a triangle string.

Theorem 7.2. Every triangle string S can be represented as the union graph
of two triangle sets. Furthermore, if S contains at least two triangles the
representation are unique.

Proof. It is easy to verify the conclusion for triangle strings with at most
three triangles. Let S be a triangle string with at least four triangles, and
the conclusion holds for all triangle strings with fewer edges than S. S must
be obtained from another triangle string S′ by a triangle-addition or a K−

4 -
insertion, and S′ contains at least two triangles.

Suppose that S is a vertex-jointed triangle string. Then S is obtained from
S′ through any of the triangle-additions (1), (2) or (3), and S′ is vertex-jointed.
By the induction hypothesis, S′ is uniquely represented as the union graph of
two triangle sets T ′

1 and T ′
2 . It suffices to prove that any two 2-vertices at odd

distance in S′ are covered by the same triangle set, say T ′
1 . Then we can put

the added triangle into T ′
2 but not into T ′

1 to form two triangle sets whose
union graph is exactly S. And the uniqueness of these two triangle sets are
guaranteed by the fact that we can only add the triangle to one of T ′

1 or T ′
2 .

Let u1 and u2 be two 2-vertices at odd distance in S′. We prove that u1
and u2 are covered by the same triangle set. Let P = x0x1 . . . xl be a shortest
path between u1 and u2, where x0 = u1, xl = u2 and l is odd. Since S′ is
vertex-jointed, it contains only 2-vertices and 4-vertices. By similar argument
as those in the proof of Theorem 7.1, we get a serial of triangles x0x1y0x0,
x1x2y1x1, . . ., xl−1xlyl−1xl−1, where all yi, 0 ≤ i ≤ l − 1, are different. By
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Lemma 5, the triangles x0x1y0x0, x1x2y1x1, . . ., xl−1xlyl−1xl−1 must be in
either T ′

1 or T ′
2 , and since they are adjacent one by one they must be in T ′

1

and T ′
2 alternatively. Since l is odd, x0x1y1x0 and xl−1xlyl−1xl−1 must be in

the same triangle set, which implies that u1 = x0 and u2 = xl are covered by
the same triangle set.

Now suppose S is not a vertex-jointed triangle string. Then S is obtained
from S′ by one K−

4 -insertion, which replaces a vertex k in S′ with a swing
K−

4 K, with 2-vertices u1 and u2, and 3-vertices v1 and v2. By the induction
hypothesis, S′ can be uniquely represented as S′ = 〈T ′

1 〉 ∪ 〈T ′
2 〉, where T ′

1 and
T ′
2 are two triangle sets. If k is of degree 2, let the triangle containing k in S′

be kw1w2k. Without loss of generality assume that kw1w2k ∈ T ′
1 , and w1 and

w2 are adjacent to u1 in S. Let T1 = (T ′
1\kw1w2k) ∪ {u1w1w2u1, u2v1v2u2}

and T2 = T ′
2 ∪ {u1v1v2u1}, we have S = 〈T1〉 ∪ 〈T2〉, and the representation is

unique since the way we put the triangles into the triangle sets is unique. If
the degree of k is 4, then it must be a 4-vertex in an induced hourglass in S′.
By arguments similar as in the case that k is of degree 2, we can construct T1
and T2, such that S = 〈T1〉 ∪ 〈T2〉 and the representation is unique. Thus the
theorem is proved.

Let T be a triangle set of a graph G. We call a triangle string S in G a

T -alternating triangle string if the following conditions hold.

(1) One of every two adjacent triangles in S belongs to T , and

(2) if a 2-vertex in S is covered by a triangle T ∈ T then T is a subgraph

of S.

Let S be a T -alternating triangle string, and the set of the triangles in S

that belong to T be T1, the set of the other triangles in S be T2. Because one of
every two adjacent triangles belongs to T , the triangles in T2 are independent.
So T2 is a triangle set. Since every edge in S is contained in a triangle,

S = 〈T1〉 ∪ 〈T2〉.
Now we can state our augmentation theorem for triangle sets. Let V (T )

denote the set of the vertices of the triangles in T . Let V2(S) denote the set

of the 2-vertices of S.

Theorem 7.3. Let T be a triangle set of a graph G. There exists a triangle
set T ′ of G with |T ′| > |T |, if and only if there exists a T -alternating triangle
string S, such that |V (T ) ∩ V2(S)| < |V2(S)|/2.
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Proof. Suppose a triangle string S as described exists. If S is a triangle then
it is easily seen that the conclusion holds. Assume that S contains more than
two triangles. By Theorem 7.2, S can be uniquely represented as the union
graph of two triangle sets, say S = 〈T1〉 ∪ 〈T2〉, where T1 ⊆ T . The 3-vertices
and 4-vertices of S are covered by both T1 and T2, and every 2-vertex in S
is covered by exactly one of T1 and T2. Note that by condition (2) in the
definition of T -alternating triangle string, V (T1) ∩ V2(S) = V (T ) ∩ V2(S).
Therefore, |V (T2) ∩ V2(S)| = |V2(S)| − |V (T1)∩ V2(S)| > |V (T1) ∩ V2(S)|. Let
T ′ = (T \T1) ∪ T2. T ′ is a triangle set of G which covers more vertices than
T , hence |T ′| > |T |.

Now suppose that we find a triangle set T ′ such that |T ′| > |T |. By
Theorem 7.1, every component of 〈T 〉 ∪ 〈T ′〉 is a triangle string. Since |T ′| >
|T |, there must be a component S with more triangles from T ′ than from T ,
which is exactly the triangle string we are looking for.

7.3 Triangle sets in triangle strings: an algorithm

and a condition for triangle factors

When trying to compute a triangle set in a graph G, we can often ignore the

edges that are not contained in any triangle, without affecting the results.

Therefore, we assume that all edges of the graph G we consider are contained

in some triangles henceforth.

A triangle string has maximum degree no more than 4. It has already been

known that VDT problem is APX-hard even in graphs with maximum degree

4. We prove in this section that the VDT problem is linear time solvable

in triangle strings. Precisely saying, we provide an algorithm to determine

whether a given graph G with maximum degree 4 is a triangle string, and if

G is a triangle string the algorithm computes its maximum triangle set. A

sufficient and necessary condition for a triangle string to have a triangle factor

is also described.

We define the triangle graph T (G) of G, whose vertex set consists of all

triangles in G, and two vertices in T (G) are adjacent if and only if the triangles

they represented are adjacent in G.

Theorem 7.4. G is a triangle string if and only if T (G) is a bipartite graph.
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Proof. Suppose G is a triangle string, by Theorem 7.2, G can be represented
as 〈T1〉 ∪ 〈T2〉, where T1 and T2 are triangle sets. By Lemma 5, every triangle
in G is an element of either T1 or T2. Therefore, T (G) is a bipartite graph
whose two parts consist of vertices representing the triangles in T1 and T2
respectively

For the reverse, if T (G) is bipartite, let T1 be the triangle set consisting
of all triangles represented by one part of T (G), and T2 be the triangle set
consisting of all triangles represented by the other part of T (G). By the
assumption that every edge of G is contained in a triangle, we have that
G = 〈T1〉 ∪ 〈T2〉, and by Theorem 7.1, G is a triangle string.

By Theorem 7.4, we can construct the triangle graphs T (G) of a graph G

and test whether it is bipartite to determine whether G is a triangle string.

Furthermore, the part of T (G) with more vertices represents the maximum

triangle set of G. To construct T (G), we run a breadth first search on G, and

when we first visit a vertex of a triangle in G, we add one vertex in T (G)

representing the triangle. When we visit a vertex v, we add edges between

every two triangles containing v. The ideas are implemented in Algorithm 2.

Let n be the number of vertices in G. Step 1 takes Θ(n) time. Since a

vertex in G has degree no more than 4, we need to check the existence of

at most 6 edges in Step 5. A vertex in a triangle string is contained in at

most two triangles. Therefore, if we find a vertex contained in more than two

triangles, we exit from the algorithm with a negative answer in Step 6. In the

loop from Step 8 to Step 12, we need to check at most two triangles. In Step

10, we need to find a vertex in T (G) representing a triangle T in G. This

could be accelerated by maintaining some pointers for every vertex v in G,

pointing to the vertices in T (G) representing the (at most two) triangles in G

containing v. Then it takes constant time to find the vertex in T (G). Hence,

every operation from Step 4 to Step 15 takes O(1) time. Further, the loop

from Step 3 to Step 16 is repeated O(n) times. Therefore, the total running

time of the loop from Step 3 to Step 16 is O(n).

In Step 17, we need to test the bipartiteness of T (G). One classical method

on this problem running in O(m) time, where m is the number of edges in

T (G), is as follows.

Run a breadth first search on T (G), and use two colors red and blue to
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color all vertices of T (G). The first visited vertex is colored red, and when

visiting a vertex v, color all its uncolored neighbors different with v. After the

breadth first search, all vertices of T (G) are colored. Check all edges of T (G).

If there exists at least one edge whose two endvertices colored the same, then

T (G) is not bipartite. If the endvertices of every edge receive different colors,

T (G) is bipartite.

Since a vertex in G is contained in at most two triangles, the number of

triangles in G is less than n. Furthermore, a triangle in G is adjacent to at

most three triangles. Therefore, m is linear to n. Hence, Step 17 takes O(n)

time and Algorithm 2 is a linear time algorithm.

Finally we give a sufficient and necessary condition that a triangle string

has a triangle factor.

Theorem 7.5. A triangle string S has a triangle factor if and only if it
satisfies the following.

(1) The number of vertices of S is divided by 3.

(2) The distance between every two 2-vertices is odd.

Proof. Firstly we prove the theorem for vertex-jointed triangle strings.

Suppose that S is a vertex-jointed triangle string satisfying the given con-
ditions. By Theorem 7.2, S = 〈T1〉 ∪ 〈T2〉 for two triangle sets T1 and T2. All
4-vertices in S is covered by both T1 and T2. By the proof of Theorem 7.2,
two 2-vertices in a vertex-jointed triangle string at odd distance are covered
by the same triangle set. Hence by (2), one of T1 and T2 covered all vertices
of S, and it is a triangle factor of S.

Now let S be a vertex-jointed triangle string who has a triangle factor.
Obviously (1) holds. By Theorem 7.2, S = 〈T1〉 ∪ 〈T2〉 for two triangle sets
T1 and T2. Without loss of generality we may assume that T1 is the triangle
factor of S. Using ideas similar to those in the proof of Theorem 7.1, which
consider a shortest path between two 2-vertices covered by T1, we can prove
that they are at odd distance.

Now suppose that S is not a vertex-jointed triangle string. Then S con-
tained at least one swing K−

4 . We use mathematical induction on the number
of edges in S to prove the theorem. Performing a K−

4 -absorption on S, replac-
ing a K−

4 denoted by K with the vertex k, we obtain another triangle string
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S′.

Suppose that S satisfies the conditions. Since |S′| = |S| − 3, and a K−
4 -

absorption in a triangle string does not affect the parity of the distance between
any two 2-vertices, S′ satisfies the conditions as well. Therefore, by the induc-
tion hypothesis, S′ have a triangle factor T ′. It is easy to see that a triangle
factor T of S can then be obtained by adding one triangle of K to T ′, and
replacing the vertex k in a triangle in T ′ with one vertex in K.

Suppose that S has a triangle factor T . Then a triangle factor T ′ of S′ can
be obtained by deleting one triangle in K from T , and replacing one vertex,
both in K and in a triangle in T , with k. By the induction hypothesis, S′

satisfies the conditions. Since |S′| = |S|−3, and a K−
4 -absorption in a triangle

string does not affect the parity of the distance between any two 2-vertices, S
satisfies the conditions.
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Algorithm 2 Determining a triangle string and looking for its maximum
triangle set

Input: A graph G with maximum degree 4;
Output: The judgement that whether G is a triangle string (YES or NO),

and the maximum triangle set of G if it is a triangle string;

1: Mark all vertices of G as unvisited; Initial T (G) as an empty graph; and
Q as an empty queue;

2: Take a vertex of G and push it into the rear of Q;
3: while Q is not empty do

4: Pop an element v from the front of Q;
5: Find in G all triangles containing v;
6: if v is contained in more than two triangles in G then return NO;
7: end if

8: for all triangle T containing v, do
9: if all two vertices in T other than v are not visited then add a new

vertex representing T in T (G);
10: else find in T (G) the vertex representing T ;
11: end if

12: end for

13: Add an edge in T (G) between the vertices representing the triangles
containing v;

14: Push the unvisited neighbors of v into the rear of Q;
15: Mark v as visited;
16: end while

17: Test whether T (G) is bipartite;
18: if T (G) is not bipartite then return NO;
19: else return YES, and the triangle set represented by the part of T (G)

with more vertices;
20: end if



Summary

This research contains results of the complexity, algorithmic and structural

properties of some graph partitioning and related problems. After an intro-

ductory chapter, in the first part of the work, Chapter 2 through 4, we con-

centrate on the complexity, inapproximability, approximation algorithms and

on-line algorithms of some graph vertex partitioning problems. In the second

part of the work, Chapters 5 through 7, we focus on the structural properties

of some graph problems related to matching problems which can be regarded

as edge partitioning problems. We refer to the listed chapters for the details

of the results.

Chapter 1 contains a short general introduction to the topics of the thesis

and gives an overview of the main results, together with some motivation and

connections to and relationships with older results. Specific terminology and

notation can be found just before each of the topics.

In Chapter 2, we first investigate the computational complexity of the

problems of determining the minimum number of monochromatic cliques or

rainbow cycles that, respectively, partition the vertex set V (G) of a graph

G. We show that the minimum monochromatic clique partition problem is

APX-hard on K−
4 -free graphs and monochromatic-K−

4 -free graphs, and APX-

complete on monochromatic-K−
4 -free graphs in which the size of a maximum

monochromatic clique is bounded by a constant. We also show that the

minimum rainbow cycle partition problem is NP-complete, even if the input

graph G is triangle-free. Moreover, for the weighted version of the minimum

monochromatic clique partition problem on monochromatic-K−
4 -free graphs,

135
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we derive an approximation algorithm with (tight) approximation guarantee

ln |V (G)| + 1.

In Chapter 3, we first prove that it is NP-complete to determine the in-

jective chromatic number even restricted to some special bipartite graphs.

Furthermore, we show that for every ε > 0, it is impossible to efficiently

approximate the injective chromatic number of any bipartite graph within a

factor of n
1
3
−ε unless ZPP = NP. Moreover, for the max-injective coloring

problem, we prove that there is a constant approximation algorithm on power

chordal graphs with bounded injective chromatic number. We also devise a

constant approximation algorithm for max-injective coloring some bipartite

graphs. For the on-line injective coloring problem, we prove that First Fit

injectively colors P3-free graphs optimally. We also prove that the number of

colors used by the derived algorithm FF ∗ for bipartite graph G is bounded

by 3
2 times the on-line injective chromatic number. Moreover, we present an

improved algorithm BFF, and prove that it is optimal for on-line injectively

coloring bipartite graphs.

In Chapter 4, by generalizing several earlier ideas, we present an SDP

based randomized approximation algorithm for max hypergraph cut with lim-

ited unbalance (MHC-LU) with guaranteed worst-case performance ratios for

various unbalance parameters τ = u/|V |. We also give the worst-case perfor-

mance ratio of the SDP-algorithm for approximating MHC-LU regardless of

the value of τ .

In Chapter 5, we first determine the minimum size of n-factor-critical

graphs and then by considering Harary graphs and related graphs, we consider

the minimum size of k-extendable bipartite graphs. Moreover, we determine

the minimum size of k-extendable non-bipartite graphs for k = 1, 2, and pose

a related conjecture for general k.

In Chapter 6, we consider the problems of directed Hamilton cycles in

digraphs and matching alternating Hamilton cycles in bipartite graphs. We

reduce both lower bounds presented in Woodall [134] and Las Vergnas [97] by

1, and prove that their conclusions still hold, with only a few exceptional cases

that can be clearly characterized.
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In Chapter 7, we consider the maximum triangle set problem which can be

viewed as a generalization of the maximum matching problem. We describe

a class of structures called triangle string, which turns out to be equivalent

to the class of union of two triangle sets in a graph. Based on the concept

of triangle sets, a sufficient and necessary condition that a triangle set can

be augmented is given. Furthermore, we provide an algorithm to determine

whether a graph G with maximum degree 4 is a triangle string, and if G is

a triangle string, compute a maximum triangle set of it. Finally, we give a

sufficient and necessary condition for a triangle string to have a triangle factor.
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